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PREFACE 

Haying been for some years engaged in lecturing to advanced 
students on the subject of alternating currents^ the author has 
endeavoured to present, in as simple a manner as possible, a 
subject which, though intensely interesting in its purely 
physical aspect, is often expoimded by mathematicians who, 
while revelling in the mathematical gymnastics afforded by its 
problems, so bewilder their less mathematical readers by the 
adoption of unnecessarily ponderous methods that the majority 
give up in disgust a subject which would otherwise exercise 
great fascination for them. That such should ever happen is 
lamentable in the extreme, since it retards the progress of the 
practical application of alternating currents. 

The author has employed the method of vector algebra 
wherever possible to solve the various problems, as he has found 
that it is quite easy for a student knowing only the elements of 
algebra and trigonometry to obtain a good working knowledge of 
the method in a very short time, and become enabled to attack 
problems which are otherwise beyond his comprehension. 

The application of vector algebra to alternating-current 
problems should appeal to everybody. It is a tool peculiarly 
adapted to the subject, and combines simplicity with all the 
advantages of a powerful method. 

No one will dispute the use of a treatise on the subject in 
which the chief aim of the writer is to eliminate mathematical 
difficulties and give prominence to the physics of the subject. 
Since the author has engaged in practice as a consulting 
engineer he has found that the want of a simple though com^ 
prehensive treatise is often a deterrent to practical engineers 
acquiring a requisite knowledge of the subject. 
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Since the principles of continuous currents became intelligible 
to practical engineers, their commercial application has gone 
rapidly forward; it only requires the principles of alternating 
currents to be similarly placed before them for a like increase in 
their application to practice to result. 

In the body of the book every effort has been made to 
eliminate mathematical difficulties, only a simple differentiation 
or integration being occasionally used. Those readers who are 
conversant with higher mathematics will find in the Appendix 
proofs of results which are assumed in the text, and also a few 
more difficult problems, some of which, are of greater theoretical 
than practical interest. 

The author hopes that his efforts will be appreciated by 
practical engineers. University honours students, and the more 
advanced students in Technical Schools studying for the Honours 
Grade in Electric Lighting for examinations of the City and 
Guilds of London Institute. It is to be emphasized that a short 
course of Vector Algebra should form a portion of the curriculum 
of every University College and Technical Institute. 

As the book has been written in spare moments since leaving 
the teaching profession, the author has not been able to acknow- 
ledge all the various sources from which information has been 
obtained. The work is really a systematic arrangement of 
lecture notes compiled during the last ten years, and which 
contain information gathered from text-books, periodicals, and 
the journals of various learned societies, as well as from the 
writings of the author himself. It is, however, impossible to 
over-estimate the indebtedness to the writings of Professor 
S. P. Thompson and Mr. C. P. Steinmetz. It would, in fact, be 
impossible to write a treatise on alternating currents without 
drawing much from their valuable contributions to the subject. 

The author has to thank Messrs. Ferranti Ltd., Messrs. 
Witting Brothers, Ltd., and The British Thomson-Houston 
Company, Ltd., for their kindness in giving him information 
respecting machines manufactured by them; his friends Dr. 
C. H. Lees of Owens College, Manchester, Mr. T. Mather of the 
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Central Technical College, London, and Miss Patterson, of 
the Manchester High School, for many suggestions and for 
reading the proofs, and also one of his assistants, Mr. W. Hyde, 
for preparing the figures and drawings. 

It is to be hoped that no important error has escaped notice. 
Should, however, any reader detect any errors, the author will be 
glad if he will be good enough to point them out. 



W. G. RHODES. 



towbb guambebs, 

Bbown Stbebt, 

Manohebter, 

1902. 
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EERATA. 

Page 50, line 25, fw " Oy* » " read « Oy'.*' 
„ 56, last line but one, /or " Af = - 1 '* read « ^ = - 1." 
„ 58, line 15, fiyr " §§ 38 and 40 " read " §§ 38 and 41." 



1. Ifiag^netlC Force. — if a magnet is placed anywhere in 
space and a pivoted magnet or compass needle is placed near it, 
the latter always takes up a definite position relative to the former. 
The magnet exerts a force on each end of the compass needle, 
which has a definite direction at every point at which the needle 
is placed, and the magnitude of the force is the same as if two 
equal quantities, + m and — m^ of magnetism (whatever magnetism 
may be), but of opposite sign, were situated at definite points 
within the magnet. These two points are called the poles of the 
magnet, and m is called the Pole Strength* 

If we could isolate one of the poles of the compass needle we 
should find that at every point in space it would be urged in a 
definite direction, due to the action of the magnet, and if it were 
always moved in the direction in which the magnet urged it, 
a definite curve would be traced, the tangent at every point of 
which would give the direction of the force at that point. 

B 
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Such a curve is called a Line Of FOPCe, and the whole 
space under the influence of the magnet is called its Field of 

Fopce. 

2* Law of FOPCe«-^If two magnet poles of strengths m 
and m* are situated at a distance r apart, they exert a mutual force 
F, which is always given by the equation — 

F^^ (1) 

where A; is a constant depending on the medium and the units 
chosen. The force is attractive if m and m' have opposite signs, 
and repulsive if they have like signs. The direction of the force 
is in the straight line joining the poles. 

We choose our unit pole to be such that if two unit poles 
are placed at a distance of one centimetre apart in air, the mutual 
force exerted is equal to one dyne. The constant k then becomes 
unity for air, and equation (1) takes the simpler form — 

F^^ . (2) 

If a magnetic field is due not to a single pole, but to any 
distribution of poles, the force exerted upon a magnet pole placed 
in it is still perfectly definite in magnitude and direction at 
every point. The magnitude of the force exerted by a magnetic 
field upon unit positive pole placed at any point is called the 
iStPeng^h of the Field at that point, and the direction of 
the field is taken to be that in which the unit positive pole is 
urged. The direction of the field, then, is given at every point in 
space by the line of force through that point. By a suitable con- 
vention the strength of the field at every point can also be repre- 
sented by means of lines of force. 

3. Convention for measupinsr Stpengrth of 

Field. — The convention which is adopted in order to effect a 
representation of the strength of a magnetic field is the assumption 
of a uniform radiation of 4irw lines of force from a pole of 
strength m. 

Equation (2) shows that the force at a distance r from a pole 

of strength m is -5. 

If we suppose that such a pole is situated at the centre of 
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a sphere of radius r centimetres, the number of lines of force 
crossing each square centimetre of surface on the sphere is — 

4irm m 

that is, the force at any point on the surface of the sphere is 
numerically equal to the number of lines cutting the sphere per 
square centimetre of surface. 

It is to be noticed that these lines of force cut the surface of 
the sphere normally. By this convention, therefore, we can say 
that the strength of a magnetic field at any point is measured by 
the number of lines of force passing normally through a square 
centimetre with the given point at its centre. 

The number of lines of force per square centimetre passing 
normally through a surface is called the Induction through the 
surface. 

The total number of lines of force passing through a surface is 
called the Total Flux through the surface. 

Unifopm Field. — If the lines of force in a given region 
are everywhere parallel to the same direction, and if the induction at 
every point is the same, the field of force is said to be uniform. 

4. Mag^netic Field due to an Electric Cuppent. 

— When an electric current flows along a conducting wire a 
magnetic field is produced, the lines of force of which are closed 
curves, some within the substance of the wire and the others 
threading through the circuit. 

Unit CuPPent. — The unit of current is defined to be that 
current which, flowing in a conducting wire one centimetre long 
bent into the arc of a circle of one centimetre radius, acts on unit 
magnetic pole placed at the centre with a force equal to one dyne. 

The practical unit of current — the Ampepe — is one-tenth of 
the C.G.S. unit of current thus defined. 

Stpenirth of Field inside a Solenoid. — The 

magnetic field inside a helix of many turns carrying a current 
of i C.G.S. units is practically uniform at points at a moderate 
distance from the ends, and its strength is equal to 47rm, where n 
is the number of turns per centimetre measured along the axis of 
the helix. If the current is % amperes, the strength of the magnetic 
field is given by — . . 

^ = ^ (3) 

A helix of many turns is sometimes called a Solenoid* 
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Distinction between Induction and Magnetizing Force. 

5, When iron is placed in a magnetic field it becomes 
magnetized. When soft iron is freshly annealed its magnetism 
disappears if on being removed from the magnetizing field of force 
it is subjected to mechanical vibration. 

Iron possesses the property of causing the lines of force to pass 
through it in preference to the surrounding air — or whatever the 
surrounding medium may be. 

That which magnetizes the iron — or the Mag^netizingT 
FOPCe — ^is the strength of the magnetic field in which it is placed ; 
but the number of lines passing normally through each square cen- 
timetre of the iron, or the Induction in the iron, is many times 
greater than the strength of the field in which the iron is placed. 

If we represent the field strength by H and induction by j5, 
then H and B are identical when the medium in which B is 
measured is non-magnetic. When, however, B is measured in a 
magnetic medium such as iron, we have the relation B = fiH. 

/i is a variable quantity depending upon the value of B, and 
is called the Pepmeability of the iron, and for moderate values 
of B is very large; e.g. in annealed wrought ii'on when ^5"= 1*6 
units, B = 5000 (about), so that /x = 3000. The following table 
gives the values of B and fx for diflferent values of H for Swedish 
iron and grey cast iron. 



TABLE I. 





Swedish Iron. 


H. 


B. 


0-79 


1,500 


0-90 


2,000 


115 


3,000 


1-38 


4,000 


1-67 


5,000 


2-03 


6,000 


2-48 


7,000 


3(M) 


8,000 


3-67 


9,000 


4-55 


10,000 


8-00 


12,000 


17-50 


14,000 


35-56 


16,000 





Grey Cast Iron. 




/i. 


H. 


B. 


/*• 


1,900 


5 


4,000 


800 


2,200 


10 


5,000 


500 


2,600 


21 


6.000 


279 


2,900 


42 


7,000 


133 


3,000 


80 


8,000 


100 


2,950 


127 


9,000 


71 


2,820 


188 


10,000 


53 


2,G70 


292 


11,000 


37 


2,450 








2,200 








1,500 








800 








450 
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Magnetic Field due to a Current. 

Qm When an electric current flows in a closed circuit consisting 
of a single loop, a magnetic field is formed, and all the lines of 
magnetic force either thread through the circuit or are within the 
wire itself. Moreover, the number of lines interlinking with the 
circuit is proportional to the current flowing in the circuit, provided 
the permeability of the medium in which the circuit is placed is 
constant. If the total number of lines passing through the circuit 
is Nwhen a current of i C.G.S. units is flowing in it, we then have — 

N=zLi (4) 

where L is a constant depending only on the geometrical form of 
the circuit. 

L is called the Self-induction^ or simply the Self- 
inductanoe of the circuit, and is the total flux of magnetic 
lines through the circuit when unit current flows round it. 

If, however, the closed circuit consists of a series of loops, so 
that each line of magnetic force may encircle the circuit more than 
once, the self-induction of the circuit is the sum of the products 
of each line of force multiplied by the number of times it would 
cut the circuit while being completely withdrawn when unit 
current is flowing through the circuit. 

7. If there are two neighbouring closed circuits, one of which 
carries unit current while no current flows round the other, the 
number of lines of force interlinking the second circuit due to the 
unit current in the first is called the Mutual Induction, or 
Mutual Inductance, of the two circuits, and is denoted by 
the letter M. It is, however, to be noticed again that if a line of 
force due to the current in one circuit encircles the other circuit 
n times, it must be reckoned n times over, since its effect is the 
same as that of n lines of force encircling the circuit once. It may 
be proved that ^ — 



M 



'cos sds .ds 



= 11 r (^> 



where ds and ds are elementary lengths of the two circuits, distant 
r centimetres apart, and e is the angle between the tangents to the 

* MaxwelPfl "Electricity and Magnetism,'* vol. ii. pp. .46 and 151, third 
edition, 1892. 
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respective circuits at ds and ds*, the integration extending round 
both circuits. 

The above expression for M shows that it depends simply 
upon the geometrical configuration of the two circuits, and that the 
relation is reciprocal. 

It follows that if the two circuits carry currents i and t' 
respectively, the number of lines of force interlinking both 
circuits is M{i + i'). 

8. If two quantities, ji, q% of electricity are situated at a distance 
r apart, the mutual force exerted between them is given by — 

^ = %| (6) 

where A; is a constant depending upon the units chosen, and E is 
a constant depending upon the intervening medium, and is called 

the Specific Inductive Capacity of the medium: it is 

taken to be unity when the medium is air. The force is attractive 
if ji and q^ have opposite signs, and repulsive if they have like 
signs. 

Electrostatic Unit of Quantity.— If the unit of 
quantity of electricity is chosen so that two such units placed 
at a distance of one centimetre apart in air exert a mutual force 
equal to one dyne, /j = 1 and equation (6) becomes — 

9. When r is varied, an amount of work is done equal to — 

where fa and ri are the initial and final values of ?\ If r^ is 
infinite, the work done is — 

+^ w 

This is the work done by, or against, the electric force, accord- 
ing as qi and q^ have like or unlike signs, in bringing them to a 
distance T\ from an infinite distance apart. 

The unit of work — the erg — is the work done by a dyne when it 
moves its point of application over tlie distance of one centimetre. 
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If q^ = 1, the work done is — 



'' (9) 



^ Kri 

and is called the Potential of qi at a distance r^, and is usually 
denoted by the letter V. 

In the same way the potential at a point distant ri, r^, r^ — » 
from any system yi, q% q^ — of electric charges in air is given by — 

+ r=?^+^+?«+ ... =f*. . . (10) 

n r2 rs jr ^ ^ 

When the electric force does work in removing a positive 
unit of electricity from a point to an infinite distance away, V 
is reckoned positive; but when a positive unit of electricity is 
removed from the point to an infinite distance away work is done 
against the electric force by some external agent, V is reckoned 
negative. 

When a quantity of electricity is placed in an electric field, 
the force acting on it tends, therefore, to move it from places of 
high potential to places of low potential 

The surface of an insulated conductor has every point at the 
same potential, since, if such were not the case, any electricity on 
its surface would flow frotn places of high potential on its surface 
to places of low potential until equilibrium was established. 

Such a surface is called an Equlpotential Supfaee, 
and the value of the potential at any point of the surface is called 
the potential of the conductor. The potential of the earth is taken 
arbitrarily to be the zero of potential. 

10« The potential of an insulated conductor depends not only 
on its size, form, and the quantity of electricity on its surface, 
but also upon its position relative to neighbouring conductors. 
An arrangement consisting of two conductors, one of which is 
insulated and the other (usually, but not necessarily) connected 
to the earth, is called a Condenser. 

The quantity of electricity which must be given to the insulated 
conductor in order that the diflTerence of the potentials of the 
two conductors (or coatings, as they are sometimes called) may be 
unity, is called the capacity of the condenser. 

Capaeity* — The capacity of a single conductor is the charge 
necessary to raise its potential from zero to unity. 

The C.G.S. unity of capacity is possessed by a condenser whose 
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coatings have unit difference of potential when unit quantity of 
electricity is imparted to one of them. 

The practical unit of capacity is called a Farad, and is 10"® 
times the C.G.S. Electromagnetic Unit. 

The difference of potential, F, of the coatings of a condenser 
is proportional to the total charge Q of electricity; hence, if G 
is the capacity of the condenser — 

Q^CV (11) 

It is to be noted that one of the coatings of the condenser may 
be the earth itself, in which case V is the actual potential of the 
other coating. 

Work done in Charging a Condenser. 

11. The work done in charging a condenser so that the 
difference of the potential of its coatings may be V with a charge 
Q is given by — 

W =r f ^ VdQ 



by equation (11) 




(12) 



PROBLEMS ON CHAPTER I. 

1. Find the force in dynes dne to two magnet poles of strengths 4 and 10 
respectively, placed at a distance of 6 centimetres apart. 

Answer, 1*6 dynes, 

2. Find the equation to the line of force passing through a given point due to 
two equal and opposite magnet poles. 

ATiswer. Cos 9^ — cos 0^ = constant, where 0i and $2 ^^^ the angles between 
the line joining the two poles, and the lines joining the respective poles to any 
point in a line of force. 

3. Find the equation to the line of force passing through a given point due to 
two magnet poles of strength m and m* respectively. 
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Answer. Cos $i + k cos a, = constant, where k is tlie ratio of the poles' 
strengths ; and a^, 9.2 have the same meanings as in Question 2. 

4. What current must pass through a solenoid having ten turns per centimetre 
of length in order that the field strength in its interior may be 5y units ? 

Afuuoer. 1*25 amperes. 

5. Show that if two coils are so situated that all the lines of force due to a 
current passing through one coil interlinks the othec^ 4hen the coefficient mutual 
induction of the two coils is the square root of the product of the coefficient of 
self-induction of the two coils. 

6. What is the enei^ of charge of a condenser whose capacity is 5 micro- 
farads when its potential is 1 volt? What is the charge on the condenser? 

Answers. 25 ergs ; 5 x 10"^ coulombs. 

7. What is the specific inductive capacity of the dielectric when the mutual 
force exerted by two quantities of electricity, each equal to 100 coulombs, 
situated 10 centimetres apart, is 0*5 dyne? 

Answer: 2. 

8. Show that lines of force always cut the equipotential surfaces at right 
angles. 

9. Show that the self-induction of a coil is proportional to the square of its 
number of turns. 



CHAPTER 11. 

Induced Electromotive Forces — Faraday's Ijaw — Induced Currents — Lenz's Law 
— Self and Mutual Induction — Energy of a Magnetic Field due to Electric 
Currents — Currents in Inductive Circuits. 

Induced Electromotive Forces. 

12. Induced E.M.F.S. — Faraday showed experimentally that 
if a conductor is moved in a magnetic field, or if there is by 
any means produced a relative motion between the conductor 
and the lines of magnetic force, so that the conductor cuts the 
lines of force, an electromotive force is induced in it, and also that 
the pate of cutting^ the lines of force is a measure of the 
E.M.F. induced. Thus, if dN lines of force are cut in an infinitely 
small time dt by a moving conducting wire, the E.M.F. e generated 
is given by — 

'='-f « 

where k is some constant determined by the units employed. If, 
further, we take as the unit of E.M.F. that which is induced when 
one centimetre length of wire cuts one line of force per second, 
^' = — 1, and the above equation becomes — 

—f (^) 

The negative sign is prefixed because the E.M.F. is always 
induced in such a direction as to oppose the cause which pro- 
duces it. 

Equation (2) simply means that the E.M.F. induced in the 
conductor is numerically equal, at each instant, to the rate of 
which it is cutting lines of magnetic force. 

The C.G.S. unit of electromotive force upon w^hich equation 
(2) is based is so small that for practical purposes it is convenient 
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to take as the unit of KM.F. that which is indace<l in a conductor 
which cuts 10® C.G.S. lines of force per second. This practical 
unit is called a Volt* 

The direction of the induced E.M.F. depends not only on the 
direction of motion of the conductor, but also on the direction of 
the magnetic field. The following is an easily remembered rule 
for finding the direction of the E.M.F. when the directions of 
motion and of the field are given. 

Suppose that the directions of motion 
and of the field are given by the lines OM, 
OF respectively (Fig. 1), then the induced 
E.M.F. is given in direction by the line OE 
drawn at right angles to both OM and OF 
in such a way that beginning at E and 
going round in a counter-clockwise direction, 
the order is EMF, 

Induced Cubbents. 

18« If the conductor which is moving in a magnetic field 
forms a closed circuit, the induced E.M.F. will produce an electric 
current, and, neglecting self-induction, the value of the current at 
any instant is given by — 

dN 

r 

where r is the total resistance of the circuit, and N is the number of 
magnetic lines threading through the circuit at that instant. Here 
we suppose that the current i is due solely to the induced E.M.F. 

E.M.F. of Self-induction. — If a closed circuit carries a 
current i the number of lines of force of self-induction is Li 

(§ 6). If, by any means, i is varied, an E.M.F. equal to ^jr^ 

is induced, or, if Z is considered constant. 

'=-^1 <'> 

This is called the E.M.F. of self-induction, and is that E.M.F. 
which is induced in a conductor when the magnetic field due to 
the current flowing in it varies. 
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E.M.F. of Mutual Induction.— If two closed circuits 
A and -B, carry respectively currents t'l and ia, the number of lines 
of force linking A due to mutual induction is Mh (see § 7, Chap. 
I.), and the number linking B due to mutual induction is Mi^, If 
the two currents vary there will be E.M.F.S due to mutual 
induction in A and B respectively equal to 

« ^!^ and - ^^^ 
dt dt 

or if the coefficient of mutual induction, M, is taken to be constant, 
these become respectively — 

-itf^?and-ilf*j (4) 

which mean that the induced E.M.F. of mutual induction in either 
coil is numerically equal to the rate at which that coil cuts the 
lines of magnetic force due to the current flowing in the other. 

Energy of a Magnetic Field due to Electric Currents. 

14. Case I. Field due to a sing^le electpic circuit* 

If a conducting wire carries an electric current, a magnetic 
field is produced. Suppose that at that time t after the circuit is 
made the value of the electric current is i and that the coefficient 
of self-induction of the circuit is L. 

The magnitude of the E.M.F. which opposes the growth of the 
current is — 

L-^, by § 13, equation (3) 

and the mte at which work is being done which is the product of the 
corresponding instantaneous values of the current and E.M.F. is— 

.rdi 
dt 

If 7 is the maximum value of the current (when the steady 
state is attained) the total work done against the counter E.M.F. 
is the sum of the products — 

dt 
where Zt is a small element of time corresponding to the value i 
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of the current. Thus the work, W, expended in creating the 
magnetic field is given by — 



iLy\dt 
at 
o 



^hLP (5) 



Enepgry of the Masrnetic Field.— This is the energy 

expended in driving the current against the counter E.M.F. of 
self-induction from the instant at which the circuit is made to 
the time when the current attains its maximum value, and it 
has its equivalent in the potential energy stored up in the magnetic 
field. 

Case II. Field due to cuixents in two mutually induc- 
tive cipcuits. 

If /i and I2 are the maxima values of the two currents in the 
two circuits respectively, the energy expended in driving the 
currents against their respective E.M.F.s of self-induction will 
(by Case I.) be — 

iLi/i^ and iL2/2^ 

where Zi and Z2 are their respective coeflBcients of self-induction. 

There will, however, be opposing E.M.F.s in each circuit 
due to mutual induction. If M be the coeflBcient of mutual in- 
duction of the two circuits, and ii and i^ be the instantaneous values 
of their respective currents, the opposing E.M.F. in circuit 1 due 
to mutual induction is (§ 13) — 



and that in circuit 2 is- 



dt 



The rate at which work is being done against mutual induction 
in the two cii'cuits taken together is therefore — 

'^^^ dt ^ ''^^ Tt 

and the whole energy expended in driving the currents against 
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their respective E.M.F.S of mutual induction while the currents 
rise from o to I\ and o to h respectively is given by — 

= Mfd(iii^) = Mlih (6) 

This together with the work done in driving the currents against 
their respective KM.F.S of self-induction is the total energy 
expended in creating the magnetic. field, and the total energy of 
the magnetic field is therefore given by — 

Jr=iZi/i« + iZa7a^ + af/i72 . . . . (7) 

This energy is stored up in the magnetic field and is restored 
to the circuits when the currents are stopped. 

Electric Currents in Inductive Circuits. 

15. Case I. Electric Cuppcnt in a Sing^le In- 
ductive Circuit. — Let the resistance of the complete circuit 
be r and its coefficient of self-induction Z, and let a potential 
difference e be applied between the terminals of the circuit. 

If i is the instantaneous value of the current, the instantaneous 
value of the E.M.F. necessary to drive it against the resistance 
of the circuit alone is, by Ohm*s law — 

ri 

The instantaneous E.M.F. due to self-induction, and which 
opposes the passage of the current, is — 

J. di 

The applied potential difference has, therefore, to balance the 
E.litF. of self-induction by providing a component equal 

to + hj' and also to provide a component equal n' to drive the 

current against the ohmic I'esistance of the cuxjuit. 
We thus arrive at the equation — 



4+^^ = ^ <«> 
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This is an equation between the £.M.F.s acting in the circuit 
at the instant at which the current is i, and if solved will give 
the value of i in terms of e, t, and the constants L and r of the 
circuit. Since e is usually capable of being expressed as a function 
of t, the above equation gives the value of the current at every 
instant of time. 

We dwell at length on this equation, because it is of funda- 
mental importance in the theory of alternating currents, and 
should be thoroughly understood. 

A solution is not possible until e is known in terms of t, and 
this is left for consideration in a later chapter. As the equation 
is of paramount importance, we proceed to consider it from a 
different standpoint, and deduce it from the law of Consepva^ 

tion of Enepgry. 

The rate at which energy is being supplied to the circuit at the 
instant at which the value of the current is i is the product 

and this must equal the rate at which energy is being dissipated 
in heating the circuit together with that used in creating the 
negative field, that is by § 14, must equal — 

Thus we arrive at the equation — 



or, dividing by i ; 



iL J, + n^ = ei 
at 



T di , 



It must be remembered that this equation is a relation between 
the impressed potential difference, the E.M.F. of self-induction 
and the E.M.F. necessary to drive the current against the resist- 
ance of the circuit cU that instant at which the value of the 
current is " i." 

Case II. Electric Cuprents in Two Mutually In- 
ductive CiPCUitSU — Let ii, ia be the coeflSicients of self- 
induction of the two circuits, n, ra their resistances, and M their 
coefficient of mutual induction, and let potential differences whose 
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instantaneous values are e^ e^ be applied between their respective 
terminals. Let also I'l, 1*2 be the corresponding instantaneous 
values of the currents flowing in the two circuits. 

First consider one of the circuits alone. 

The function of e^ is to drive the current ii against the resist- 
ance Ti of the circuit, and to balance the E.M.F.S due to self and 
mutual induction. 

At any instant, therefore, ei must equal the sum of — 

m„ In ^ ' and M ^^ 

* 

thus we get the equation — 

In exactly the same way for the other circuit — 

Li-^j + M-j^ + rai2 = ^2 .... (10) 

These are relations between the E.M.F.S in the two circuits 
respectively, and are also two simultaneous equations to determine 
ti and 1*2 in terms of the other quantities. 

The case of greatest practical interest is that in which f2 = 0, 
The equations then refer to the primary and secondary circuits 
of a transformer or an induction coil, and are discussed fully in the 
chapter on Transformers. 

Equations (8), (9), and (10) are formed on the supposition that 
the coefficients of self and mutual induction are constant. This 
condition will often hold good since, in most alternating-current 
machinery, to which these equations can refer, the induction in the 
iron does not approach saturation. 

Equations (9) and (10) may be deduced from the law of 
conservation of energy in the same way as equation (8) ; but this 
is loft as an exercise for the reader. 



PROBLEMS ON CHAPTER II. 

1. A straight conductor 1 metre long is displaced parallel to itself and at 
right angles to a uniform field at a rate of 100 metres per second. If the field 
strength is 100 C.G.S. units, what E.M.F. is generated in the conductor ? 

Answer, 1 volt. 
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2. A closed circuit whose coefficient of self-induction is 0*5 henry carries a 
steady current of 100 amperes : what is the energy stored up in the magnetic 
field due to the current ? 

Answer. 25 x 10^> ergs. 

3. Two closed circuits, whose coefficients of self-induction are respectively 
0*5 and 0*75 henry, and whose coefficient of mutual induction is 0*6 henry, carry 
steady currents of 10 and 20 amperes respectively : what is the enei*gy of the 
magnetic field due to the currents ? 

Anstver, 2*95 x 10® ergs. 

4. What becomes of the eneigy of a magnetic field when the current which 
creates it is interrupted ? 

5. The axle of a railway carriage wheel, 5 feet 3 inches long, moves at the 
rate of 60 miles an hour in the earth's vertical field [ = 0*47 C.G.S. units]. What 
E.M.F. is induced in it? 

Answer. 0*002 volt, nearly. 



C 



CHAPTER III. 

The Production of Alternating Electromotive Forces — Generators — Armature 
lloaction— Circuit with Constant Inductance — Impedance. 

The PfiODUCTioN of Alternating Electromotive Forces. — 

Generators. 

16. When a closed circuit moves in a magnetic field the rate 
of cutting lines of magnetic force is the same as the rate of 
change of the magnetic flux through the circuit, for since the lines 
of force themselves always form closed curves the flux through 
the circuit cannot change without a corresponding cutting of 
magnetic lines. 

Suppose that a single plane closed circuit 
rotates with uniform angular velocity about 
an axis in its own plane at right angles to 
the direction of a uniform magnetic field. 

Let be a point of the axis OX of 
rotation of the coil, OF the direction of 
the field at right angles to OX, and ON 
the normal to the plane of the coil at time 
t, and let the angle, measured in a counter- 
clockwise direction, between OF and ON be fl. 

If B is the intensity of the field, and A the area of the coil, 
the total flux N through the circuit at the time t is given by — 

N^ AB cos 61 

since -4 cos ft is the projection of A at right angles to -B, or B cos 6 
is the component of the intensity normal to the plane of A, 

If the angular velocity of the coil is p, and t is measured from 
the instant when ON and OF coincide, then — 




Fig. 2. 



61 =i?^ 
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SO that — 



N ss AB cos pt 



by- 



The E.M.F. induced in the moving circviit is, therefore, given 






dN 



dt 
a: ABp sin pt 



(1) 



which is the rate of change of the magnetic flux through the 
circuit. 

The value of e is therefore zero when ^^ is or any multiple 
of 2ir\ it then becomes positive and attains a maximum value 

ABp when pi is ^,oi-x+ any multiple of 2ir ; it becomes zero 

when j?^ = TT, or any odd multiple of tt, and then becomes negative, 
and is a negative maximum, and equal to — ABp when — 



•TT 



pt = - + any multiple of 27r 

As fl increases from to iir the coil rotates through one 
complete revolution and the value of e goes through a complete 
cycle of changes which repeats itself in every succeeding 
revolution. 

If the coil consists of n complete turns each having an area 




Fig. 3. 



equal to A, and arranged so that all the turns are placed in series 
and form one circuit of n loops, the induced E.M.F. is increased 
w-fold, and is given by — 

e = nABp mipt (2) 
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If £ is the maximum value of e — 

IS « nABp (3) 

and— 

e^Esmpt (4) 

Such aa E.M.F. is called Altepnatinsf because during each 
revolution of the coil it rises from the value zero to a positive 
maximum, then passes through the value zero and becomes 
negative, attaining a negative maximum numerically equal to 
its positive one, and then rises to the value zero again. 

Fig. 3 is a graphic representation of equation (4). 

If the extremities of the revolving coil are connected to two 
collecting rings mounted on the axis of rotation and insulated 
from each other so that the coil can be revolved between the poles 
of an electro-magnet, we have an altepnatins^-cuppent 

generator^ or an altepnatop. 

An alternating current may be supplied to an external circuit 
by means of two brushes making rubbing contacts with the col- 
lecting rings. 

The simplest form of alternator consists of either a drum or 
a ring armature which rotates between the poles of separately 
excited field magnets. A diagrammatic representation is given in 
Fig. 4. 




Fig. 4. 



In such a two-pole machine the E.M.F. developed passes 
through a complete cycle of changes or alternation once every 
complete revolution of the revolving part. 

As it is necessary for such purposes as electric lighting to have 
not less than about forty complete alternations per second, a two- 
pole alternator would be impracticable except in very small 
machines. If, instead of having but two poles, four alternately 
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north and south poles are placed 90° apart, there will be two 
complete alternations per revolution of the armature. If six alter- 
nately north and south poles are placed 60^ apart, there will be 
three complete alternations per revolution, and so on. Machines 
having more than two poles are called multipolar alternators. 
Except for special, or experimental, purposes, multipolar alternators 
are universally used for commercial work. Fig. 5 gives a diagram- 
matic representation of a 6-pole alternator. We do not propose 
to enter into an exhaustive description of the various types of 
alternators, as such would be beyond the scope of this treatise. 
We will, however, give a general idea of the various types of 
machines met with in 
practice. 

±7. Types of 
Alter natops.— 

There arc, broadly 
speaking, three types 
of alternators: (1) 
those in which separ- 
ately excited poles — or 

field masf nets — 

are stationary and in- 
ducing coils — or ap- 
mature— rotate; (2) 
those in which the 
armature is stationary 
and the field magnets 
rotate; and (3) In- 

duotop Altepna- 

tOPSy or those in 

which both the field magnets and armature are stationary and the 
flux through the armature coils is varied by masses of iron 
rotating in the gap between the field coils and the armature coils. 
In alternators giving a single alternating E.M.F. the magnet 
poles occupy about one half the circumference of the machine, 
as shown in Fig. 5, as also do the coils on the armature. The 
reason for this is seen by reference to Fig. 5, in which the poles 
are the same width as the spaces between them. If the armature 
coil A were of greater angular width than the distance between 
two consecutive poles N, 8, it would begin cutting lines issuing 




Fio. 5. 
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from the S. pole before it had finished cutting those issuing from 
the N. pole, or vice versa according to the direction of rotation of 
the armature, with the result that there would be a difiTerential 
effect and the E.M.F. developed would be less than it should be 
for the number of conductors on the armature. 

Of the different types of alternators it is difl&cult to say which 
is the best. There is one consideration, however, which is worth 
while bearing in mind. Alternators are usually employed for 
generating high E.M.F.s, more especially where energy has to 
be transmitted for a considerable distance ; E.M.F.S up to 20,000 
volts being not uncommon. Such being the case, it is advisable 
that the armature coils in which the high pressure is generated, 
and which are subjected to great electrical strain, should not be 
subjected to mechanical strain. This consideration leads us to 
prefer those types in which the armature is stationary, so that 
where high pressures are to be generated machines of the stationary 
field type or inductor alternators are to be preferred. 

We shall for the present assume that the E.M.F.S of all 
alternators are capable of representation as either a single sine 
function of the time, or as the sum of a series of sine and cosine 
functions of the time. In either case we can base our calculations 
on the representation of the E.M.F. as a single sine function (see 
Chap. IX.). 

Armature Eeactiox. 

18. The E.M.F. generated in the armature of an alternator 
is due to a combination of two distinct causes. First, an E.M.F. 
is generated by the rotation of the armature in a magnetic field, 
and, secondly, there is an E.M.F. set up in the armature by the 
variations of the armature current itself. This latter may be called 
the E.M.F. of self-induction of the armature. Its effect is to 
change the intensity and the direction of the resultant magnetic 
field through which the armature rotates. It is sometimes termed 
Apmatupe Reaction. We shall show in a later chapter 
(see Chap. XIII.) that the field strength of an alternator may, 
according to circumstances, be either increased or diminished by 
armature reaction. 

The number of lines of force passing through the armature 
due to its own current i is Li, where L is its coefficient of self- 
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induction. The value of the armature reaction at any instant is 
therefore, by § 13, Chap. II., equal to — 

d{Li) 
dt 

This is variable, since i is a function of the time, and the value 
of L depends upon the variable position of the armature coils 
relative to the field poles, and also upon the induction in the iron 
of both armature and field magnets. 

There is also another source of variation of the magnetic field 
which should be included under the head of armature reaction. 
The variation of the flux produced by the armature currents will 
induce a variable curi'ent in the field-magnet coils, and a conse- 
quent variation of the flux due to the field coils themselves. This 
variation is proportional to the mutual induction between the 
armature coils and field coils. Under the same heading may be 
included any variation in the strength of the field due to eddy 
currents induced in the field magnets. 

We shall not, however, for the present, inquire further into 
the eSect of armature reaction upon the E.M.F. of an alternator, 
but shall content ourselves with the assumption that both the 
E.M.r. of the alternator and the potential difierence between its 
terminals are capable of representation by. means of sine (or 
cosine) functions of the time. 

19. We now proceed to obtain the relation between the 
current, the E.M.F., and the constants of a circuit in which we 
can treat the self-induction as constant. 

The product of the coefficient of self-induction and 27r times the 
number of complete cycles per second is called the Reactance 
of a circuit. An extended definition of reactance is given in § 45. 

The number of complete alternations per second is called the 
Fpequency, and is usually denoted by the letter n. 

The time taken for one complete cycle is called the Pepiodic 

Time. 

We shall denote the whole electro-motive force round a circuit 
by the letters E.M.r., and the potential difference between any 
two points in a circuit by the letters P.D. 
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Current in a Circuit of Constant Inductance with a Con- 
stant Potential Difference between its Terminals. 

20. Let L be the coefficient of self-inductance of the circuiti 
r „ resistance of the circuit, 
e „ constant P.D., 
i „ current at any instant, 
t „ time from the instant when the current is 

made. 
The equation from which to determine the current is (see 
§ 15, Chap. II.)— 

4' + ^ = ' (^) 

The complete solution of this equation is (see Appendix) — 



-K^-^-O («> 



where c is the base of Naperian logarithms, and equals 27 
approximately. 

The exponential term occurring in the solution shows that the 

current does not theoretically attain the steady value - for an 

infinite time ; it, however, practically attains this value after a 
very short time. 

1 e 
The time T taken for i to reach the value - • - is given by — 

— is sometimes called the Time Constant of the circuit 

T 



Current in a Circuit of Constant Inductance with an 
Alternating Potential Difference between its Terminals. 

21. Let L be the coefficient of self-induction of the circuit, 
T „ resistance of the circuit, 
n „ frequency „ „ 

6 = ^ sin j?^ be the applied P.D., 
'p = 27rw, 
% be the current in the cii*cuit at any instant. 



I. 

I' 
I 
I 



I' 
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The equation from which to determine the current is then, 
by §§ 15 and 16 — 

di 
JZ. +ri = £ sinpt (8) 

The complete solution of this equation is (see Appendix) — 

i^l^tM^ + Ari .... (9) 

where given bv tan d = — (10) 

^ is a constant 
and € is the base of Naperian logarithms, and equals 2*7 nearly. 

After a very short time t-jr becomes negligibly small, and 
the current attains a steady periodic state represented by the 
equation — 

, _ jgsin(y< - fl) ,jjv 



% = 



Vr« + fh' 



E 

If we write / for — , equation (10) takes the form — 

i = Isin {pt -ff) (12) 

I is therefore the maximum value of the current. 

Equation (8) shows that the P.D. is zero when < = 0, and 
equation (12) shows that the resulting current is zero, and in- 
creasing in the same direction when — 

P 

that is, the current is a sine function of the time, and has its zero 
and maximum values later in point of time than, or lags behind, 

the P.D. by an amount -. 

The E.M.F. of self-induction is given by — 

— Lj- = — pLl cos {pt — d) 

^ pLIdxiipt - - I) 
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which shows that the E.M.F. of self-inductiou is also a siuo 




Fig. 6. 

function of the time, and lags behind the current in time by an 
amount given by — 

Now, since — 

sin (2?^ — fl) = sin {pt — 6 — 27r) 

the Pepiodic Time is given by — 

P 

therefore the E.M.F. of self-induction lag^ behind 
the cuppent by a quaptep of a pepiod. 

The P.D., current, and E.M.F. of self-induction are graphically 
represented in Fig. 6. 

We have seen that the maximum value of the current in an 
inductive circuit is given by — 

7= ^ 



V^ + i^L 



2 



The quantity sji^ + fl? is called the Impedance of the 
circuit. 

In a non-inductive circuit we have — 

/ = -J? (Ohm's law) 

resistance 

and in an inductive circuit — 



/=-r 



impedarice 
The value oi pt + B at any instant is called the Phase of 
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any current, i = I sin pt + (or E.M.F.) at that instant, since it 
measures the displacement from its zero value. 

Two alternating currents I'l = Ii sin pt and i^ = I2 sin (pt — fl) 
have phases differing by an amount (or angle) flj, which is called 

their Phase Diffepence. 

Equation (10) shows that in an inductive circuit the difference 
of phase between the current and P.D. is given by — 

tanfl = ^ 



PROBLEMS ON CHAPTER III. 

1. A straight conductor 1 metre long moves parallel to it&elf iu simple 
periodic motion of amplitude 1 centimetre at right angles to a uniform field of 
strength 1000 C.G.S. units. If the periodic time is 0*001 second, what is the 
maximum E.M.F. generated in the conductor? 

An8U?er, 6*28 volts. 

2. A circular conductor whose diameter is 1 metre revolves about a diameter 
with an angular velocity of 10 revolutions per second in a uniform field of 
strength 10,000 C.G.S. units, so that in one position of the conductor the lines 
of force pass normally through it : what is the maximum E.M.F. developed ? 

Answer, 493*5 volts. 

3. A steady E.M.P. is applied between the terminals of a conductor whose 
self-induction is 0*25 henry, and resistance 1 ohm : how long will it take the 
current to reach one- tenth its steady value? 

Afiswer, 0*026 second. 

4. What is the maximum value of the current in a conductor whose self- 
induction is 0*5 henry, and resistance 2 ohms, when an alternating E.M.F., whose 
maximum value is 100 volts, and frequency 100 cycles per second, is applied 
between its terminals ? 

Anstoer* 0*3176 ampere. 

6. What is the impedance of the circuit in Question 4 ? 

Answer, 314*2 ohms. 

6. What is the difference in phase between the E.M.F. and cuiTent in 
Question 4? 

Answer, 86° 20'. 

7. An alternator gives a potential difference between its brushes of 1000 
volts when the current is 100 amperes ; if the current is increased to 150 amperes, 
the external circuit being non-inductive, the potential difference falls to 920 volts. 
What is the E.M.F. developed in the armature, the frequency being constant ? 

Ansufer, 1160 volts. 

8. What is the impedance of the armature in Question 7 ? 
Answer, 1*6 ohms. 

9. What would be the potential difference between the brushes of the 
machine m Question 7 if the current was increased to 175 amperes? 

Answer, 880 volts. 



CHAPTER IV. 

Capacity in Alternating Current Circuits — Combination of Capacity and Induct- 
ance in series — Combination of Capacity and Inductance in Parallel — 
Reactance — Resonance — Root Mean Square Values. 

Capacity in Alternating Current Circuits. 

22« If a condenser is placed in an alternating current circuit, 
an alternating current will pass to an extent depending upon the 
capacity of the condenser and the magnitude and frequency of the 
P.D. applied between the terminals of the condenser. The result- 
ing current is the charge and discharge current as the P.D. between 
the condenser terminals alternates. 

If Q is the quantity of electricity on the condenser at any 
instant, the current i is the rate of variation of Q and is given by — 

'=f « 

Now, by § 10, Chap. I., if C is the capacity of the condenser 
and V the P.D. between its terminals, we have the relation — 



therefore — 



Q = GV 



._dQ 
*~di 



since C is constant. 

Now, suppose that the P.D. is given by — 

V = Fosin^?^ 
Then— 

= CVopcoBpt 

= CF> sin (;>< + I) (3) 
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which shows that the ouppent is in advance of the 
P.D. by a time s^ven by— 

that is, by a quaptep of a pepiod. 

Thus, by reference to § 21, Chap. III., we see that whereas 
Belf-induction causes the current to lag behind the applied P.D., 
capacity causes the current to lead before the P.D., and whereas 
E.M.F. of self-induction lags a quarter of a period behind the 
current, the E.M.F. due to capacity leads a quarter of a period 
before the current. The E.M.F.s due to self-induction and capacity 
in the same circuit are thus seen to be in direct opposition, and 
may, under suitable conditions, completely neutralize one another. 

We will now proceed to calculate the value of the current in 
alternating current circuits containing capacity. 

23. Electpic Cuppent in a Cipcuit containing^ 

Resistance and Capacity only.— Consider a circuit of 

total resistance r containing a condenser of capacity C. Let an 

alternating E.M.F. e = j& sin p^ be applied between the ends of 

the circuit, and let i be the resulting current. 

The function of e is to drive the current i against the resistance 

Q 
r of the circuit, and to balance the E.M.F. ^ due to capacity, where 

Q is the charge on the condenser at any instant. We, therefore, 
arrive at the equation — 

H + ^^Ewipt (4) 

Differentiating this with respect to t, we get — 

or — 

rj^ + j,=pE COB pt (5) 

The complete solution of this equation is (see Appendix) — 



= ^^MM + A.-^ .... (6) 

V-' + Jr 



fc^ 
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where — 



pCr 



£ is the base of Naperian logarithms, and A is a, constant. 
The exponential term in (6) soon dies out, and the current soon 
assumes the steady periodic state given by the equation — 

^ _ E sin (pt + <t>) ,^v 

This shows that the current leads before the E.M.F. by a time 
^ = 2. An example of such current and E.M.F. curves is given in 
Fig. 7. 




Fig. 7. 

24. ElectPic Cuppent in a Cipcuit containini^ 
Resistance, Capacity, and Self-induction in 

Sepies* — Let the total resistance of the circuit be r, the co- 
efficient of self-induction L, the capacity (7, the E.M.F. e= E sin pt, 
and the resulting instantaneous value of the current i. 

The E.M.F. e has to drive the current i against the resistance 
r, and to balance the E.M.F.s due to self-induction and capacity. 
Therefore — 

L~ + ri + ^=^Esmpt (8) 

where Q is the quantity of electricity on the condenser at any 
instant. 

Differentiating equation (8) with respect to t, we get — 

j.dH . di ^ IdQ ^ . 
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or by (1)— 

'^df'^'^^di'^ G^P^^^^^ • • • • (9) 

From this we find that when the current has reached a steady 
periodic state its value is given by (see Appendix) — 

where — 

tan = -- 

This shows that the current lags behind or leads before the 
E.M.F., according as ^L is greater or less than -y^. If 'ph = — ^ 
the self-induction and capacity exactly balance each other. 

The quantity pZ j^ is called the Reactance of the circuit. 

In an inductive circuit the reactance is positive ; in a circuit con- 
taining capacity only it is negative ; in a circuit containing both 
inductance and capacity it is positive or negative according as jih 

is greater or less than —^ 

^ pG 

When a circuit contains both inductance and capacity in such 
proportion that the reactance is zero, we have the phenomenon of 

electrical Resonance. 

25. Electpic Cuppents in Papallel Cipcuits, one 
Bpanch of which contains Resistance and Self- 
induction and the othep Resistance and Capacity. 

— Let vi and L be the resistance and self induction in one branch, 
and ^2 and G the resistance and capacity in the other branch. Let 
ii, ia be the currents in the two branches and t? = Fsin pt the 
common P.D. between their terminals. 

The equation- for the inductive branch is — 

di 
L-j- + nil = Fsin j?^ 

and that for the capacity branch is — 

^212 + ^= Fsin^/5 (11) 
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where Q is the quantity of electricity on the condenser at any 
instant. Therefore by §§ 21 and 23 — 

.^^ Fsi n(p^ + » ) ^j3^ 



V^2* + -57^ 



where tan S = — . 

n 

and tan ^ = y^— 

Equations (12) and (13) show that for high frequencies (i.e. p 
is laige) nearly the whole of the current goes through the con- 
denser branch. 

The current i in the main circuit is the resultant of the 
currents ti and I'a, and is given by — 

{2 sr ii^ + ia' + 2iiia cos (0 + ^) 

= n^ + r.^ + 2^,^,[-=—^^^=^^^ . . (14) 

If— 

L = Crir2 

and t'b ^ differ in phase by a right angle. 



Measurements of Altebnating Currents and Electromotive 

Forces. 

26. In taking electrical measurements in alternating current 
circuits special types of instruments are necessary. 

Instruments which can be used for alternating current measure- 
ments can usually be employed for direct current measurements, 
but the converse is not true. 

All instruments for the measurement of alternating currents 
and E.M.F.s depend upon a square laiv and the deflections are 
proportional to the mean square of the quantity to be measured. 
Amongst instruments for the measurement of alternating currents 

may be mentioned eleetpo-dynamometeps, and Kelvin 
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Balances ; amongst those for the measurements of E.M.F.s 
are Electpostatic and Hot Wipe Voltmeteps. 

It is of importance, therefore, to clearly understand what it is 
that is actually measured by alternating-current instruments. 

It has been stated that the deflections are proportional to the 
mean square of the quantity to be measured. 

The instruments may be provided with a uniform scale and 
the square root of the reading taken as a measure of the current or 
E.M.F., or they may be graduated to read direct, in which case 
the scale will not be uniform. Whatever way the instrument is 
graduated, the quantity measured is, therefore, a POOt mean 

square value. 

KooT Mean Square Values. 

27« The reason why root mean square values are taken in 
alternating-current measurements is obvious, for since the average 
value of a periodic current is zero, an instrument in which the 
deflection is proportional to the current would show no deflection, 
and it is necessary to employ instruments which are deflected in 
the same direction whatever be the direction of the current through 
them, that is, we must employ instruments which measure the 
mean square of the periodic quantity 

i = I sin pt 

where i is the instantaneous value of the current at any time t ; 
p = 27rw, n being the frequency ; and I is the maximum value of 
the current. 

The root mean square value of the current is obtained by 
dividing half the periodic time into an infinite number of parts, 
taking the sum of the squared values of the current at each of 
these points, dividing this sum by half the periodic time, and 
extracting the square root of the result. 

The periodic time is — > so that half the periodic time is - 

Jr -tr 

If we write A for the root mean square current, we have, 
therefore — 



^ij^^^n^m^ptdt 
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Or, the root mean square current is numerically equal to the 

maximum value divided by y'2' 

If the E.M.F. is represented by — 

e = J? sin pt 
the root mean square E.M.F. V, is similarly given by — 



r=^^^i]3^8m^ptdt 



=^ w 

We shall in future use the letters E.M.S. to indicate root mean 
square values. 

It was proved, see § 24, that in a reactive circuit of self- 
induction L and capacity C — 

1= ^ 



Therefore — 



E 



V2 



^ x/l" - (^^ - s;)'( 



OTr 



A = 



We see, therefore, that the equation — 

E.M.F. 



Current 



impedance 



is true both for maximum and E.M.S. values of current and 
E.M.F. 



PROBLEMS ON CHAPTER IV. 

1. What is the maximum current in a circuit having a capacity of 2 micro- 
farads, and a resistance of 10 ohms, when an alternating E.M.F., whose maximum 
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value is 100 volts, and frequency 100 cycles, per second, is applied between its 
terminals ? 

Answer, 0*126 ampere. 

2. What is the impedance of the circuit in Question 1 ? 
Ansiuer. 795*2 ohms. 

3. What is the difference in phase between E.M.F. and current in Question 1 ? 
Draw curves respecting them. 

Answer. 82° 50'. 

4. What is the self-induction of a coil through which, when 100 R.M.S. 
volts is applied between its terminals, a current of 5 amperes passes, the 
frequency being 80 periods per second, and the resistance of the coil being 
0-5 ohm ? 

Answer, 0*0386 henry, nearly. 

5. The maximum value of an alternating current is 100 amperes : what is 
its average value over half a period from zero to zero ? 

Answer, — amperes. 

6. The R.M.S. value of an alternating E.M.F. is 100 volts: what is its 
maximum value ? 

Answer, 141 4 volts. 

7. A coil having a self-induction of 005 henry allows a current of 3 R.M.S. 
amperes to pass when the frequency is 100 : what is the P.D. between its 
terminals, the resistance of the coil being neglected ? 

Answer, 9425 volts. 

8. What is the P.D. in Question 7, if the resistance of the coil is 5 ohms ? 
Answer, 95*4 volts. 

9. What is the frequency when a current of 1 ampere is sent through a coil 
liaving a self-induction of 0*75 henry, a P.D. of 200 volts being applied between 
its terminals, the resistance of the coil being negligible ? 

Ansum\ 42*44. 

10. What is the frequency in Question 9, if the resistance of the coil is 10 ohms ? 
Answer. 42*4. 

11. A condenser of capacity 10 microfarads is connected between the 
terminals of an alternator giving 1000 volts at a frequency of 50 periods per 
second : what is the current ? 

Answer, » amperes. 

12. If a resistance of 10 ohms is inserted in series with the condenser in 
Question 11, what current will pass? 

Answer, 3*14 amperes. 

13. If a self-induction of 0*05 henry is placed in series with a capacity of 
1 microfarad, and a P.D. of 100 volts, at a frequency of 100 periods per second, 
be applied between the extreme terminals, what is the current ? 

Answer. 0*0641 ampere. 

14. A circuit contains in series a resistance of 10 ohms, a self-induction of 
0*5 henry, and a capacity of 0*5 microfarad : what is the current if the P.D. 
between the terminals of the ai*rangement is 100 volts, and the frequency 80 
periods per second ? 

Answer, 0*0268 ampere. 
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15. What IB the fall of potential (1) along the resistance, (2) the self-induction, 
and (3) the capacity in Question 14? 

Answer. (1) 0-268 volt, (2) 6-74 volts, (3) 1066-3 volts. 

16. What value of the capacity will make the circuit in Question 14 non- 
reactive? 

Answer. 7*9154 microfarads. 

17. What is the difference in phase between E.M.F. and current in 
Question 14 ? 

Answer. 89° 61'. 

18. Prove that the R.M.S. value of a simple periodic function is the maxi- 
mum value divided by j^2j employing the simple trigonometrical method as on 
page 39. 



CHAPTER V. 

Expression for Power — Measurement of Power. 

Power given to Alternating-oubrent Circuits. 

28« The power given to a circuit by a continuous current is 
the product of the current flowing in it and the P.D. between 
its terminals, and is given in watts when the current is given in 
amperes and the P.D. in volts. The power given to circuit by 
an alternating current cannot be determined in this fashion, for 
whereas in a continuous-current circuit the current and P.D. 
always act in the same direction round the circuit, in an alternating- 
current circuit there are, in general, times occurring periodically 
when the current and P.D. act in opposition and the circuit is 
giving back energy to the source. 

We have seen (see Chap. IV., § 24) that when an alternating 
P.D. e = JE aia pt is applied between the terminals of a circuit 
containing resistance, self-induction, and capacity in series, the 
resulting current is given by — 

£ sin (pt - 0) 



Vp+(^^-^^)l 



^I&ia(pt^ 0) 

pL ^ 

where tan = — 



the notation being the same as in Chapter lY. 

The power being given to the circuit at any instant of time t 
is the product of the P.D. and corresponding current at that 
instant, that is the product — 

EI sin pt sin (pt - 0) 
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The energy given to the circuit during a small interval of time 
dt is therefore — 

HI sin pt sin (pt — 0)dt 

If we divide a complete period of the current into an infinitely 
large number of infinitely small times dt^ and take the sum of 
the energies given to the circuit during those times, we shall 
obtain the total energy given to the circuit during a time equal 
to a periodic time of the current, and if, further, we divide 
the expression thus obtained by the periodic time, we shall 
have the average or mean power given to the circuit. 

Denoting the mean power by P, we therefore have — 

P = |- ^p ElBinpt sin {pt - d)dt 

= ^cos0 (1) 

That is the power g^iven to an altepnating^- 
cuppent eiPGuit is half the ppoduct of the maxi- 
mum cuppent and the maximum P.D. multiplied 
by the cosine of theip phase difTepence. 

The expression for the mean power may be written — 

XT T 

P = —r=- ' — ^ cos 

\/2 \/2 
= VAqosO (2) 

where E and / are the R.M.S. values of P.D. and current 
respectively. 

Thus the powep g^iven to an altepnating^-cup- 
pent cipcuit is the ppoduct of the R.M.S. values 
of the euppent and P.D. multiplied by the eosine 
of theip phase diffepenee. 

The E.M.S. values E and / are the quantities measured 
respectively by a voltmeter placed between the terminals of the 
circuit and an ammeter placed in the circuit. Since cos is always 
less than unity, we see that the product of amperes and volts 
is, unless = 0, greater than the power given to the circuit. 

In contradistinction to the tpue poivep, EI cos 0, the 
product EI is called the appapent poiveP, and the ratio 



EXPRESSION FOR POWER. 3d 

of the true power to the apparent power is called the power 

factor. Thus— 

-, ^ . true power 

Power factor = ^ 

appaient power 

= 0080 

The expression for the mean power given to a circuit may be 
deduced in the following simple manner. 

The instantaneous power given to the circuit is — 

£1 sin pt sin (pt — 0) 
=— s- . 2 sin j9^ sin (pt ^ 6) 

=s EI 
-^ {cos e - cos {2pt - 0)} (3) 

Now the average value of cos (2pt — Q) taken over a complete 
period is zero, since for every positive value it has an equal 
negative value. Also cos G is constant; therefore the taking 
the average value of the power over a complete period, we get — 

EI 

P = — ^ {average value of cos — average value of cos (2pt — 0)} 

= -s- cos 
= EI cos e 




F[0. 8. 

In Fij^r. 8 curve 1 is the curve of the P.D. Curve 2 shows the 

o 
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resulting current in an inductive circuit. The ordinates of curve 3 
are the products of corresponding ordinates of curves 1 and 2, and 
the curve shows the variation of the power. The straight line 4 in 
the figure shows the mean power. A close study of these curves 
will amply repay the reader. 



Measurement of Power. 

29. Since the power given to an alternating-current circuit 
cannot be determined by the use of a single ammeter and voltmeter, 
special means for its measurement have to be devised. 

Various methods involving combinations of ammeters and 
voltmeters may be employed, but the simplest method of 
measuring power is the use of a single instrument called a 

Wattmetep. 

The wattmeter generally consists of two vertical coils of wire 
arranged so that one is fixed and the other is capable of rotation on 
a vertical axis. The two coils are placed so that their planes are 
at right angles to each other. One of the coils, a thick coil of few 
turns, is placed in series with the circuit in which the power has 
to be measured, while the other coil, a long thin wire coil of high 
resistance, is placed directly across the terminals of the circuit. 
The thin wire coil has so high a resistance that the current passing 
through it is very small, and should be arranged so as to have 
as low a self-induction as possible, while the thick wire coil 
carries the whole current passing through the circuit. 

The magnetic field due to the thick coil is therefore proportional 
to the current passing through the circuit, and that due to the 
thin coil is proportional to the P.D. between its terminals. The 
mutual force exerted by the two fields when the planes of the coils 
are at right angles is at any instant proportional to the pro- 
duct of the current passing through the circuit and the P.D. 
between its terminals. Thus the mutual action is at any instant 
proportional to the power which is being given to the circuit at 
that instant. 

The movable coil is suspended so that its geometrical centre 
coincides with that of the fixed coil, and is attached to a torsion head 
by means of which the coils may be kept with their planes at right 
angles to each other, and«.the mutual force is measured by the angle 
through which the torsidh head has to be rotated to do this. 
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The average mutual force would produce a steady deflection 
of the movable coil and is measured by the angle through which 
the torsion head is rotated to keep the two coils at right angles to 
each other. 

If is the angle through which the torsion head is rotated, the 
power, P, is given by the equation — 

where kia a, constant which has to be determined experimentally. 

The unit of power — ^the watt — is equal to 10^ ergs per second. 

We shall deal further with this in Chap. XVII., which treats 
of various methods of measuring power. 



PROBLEMS ON CHAPTER V. 

1. What enei^gy is absorbed in five minutes by a coil of resistance 5 ohms 
and self-induction 0.05 henry if 100 volts is applied between its terminals, the 
frequency being 80 periods per second ? 

Answer. 228 x 10^ ei^. 

2. What is the power given to a series circuit whose self-induction is 0.05 
henry, capacity 1 microfarad, and resistance 10 ohms, when a P.D. of 100 volts 
at a frequency of 50 periods per second is applied between its terminals? 

Answer, 0.01 watt 



CHAPTER VI. 



Composition of Periodic Curves of Different Amplitudes but of same Periodic Time. 

Graphical Methods. 

30. Consider a point P moving in a counter-clockwise direc- 
tion with uniform angular velocity p round a circle of centre 
(Fig. 9). Suppose that at time ^ = o, P is at the point -4, 
and that at any subsequent time t it occupies a position such 
that the angle AOP = pt Let AOA' and BOS be two diameters 

at right angles to each 
* - other, and let FN be 

drawn at right angles 

to AA\ Let OP == r. 

Then— 

PN^ OP mi AOP 
= r ^vapt 

Therefore PN is a 
sine function of the 
time and r is its maxi- 
mum value. 

As P travels round 
the circle the value of 
PN changes from zero 
to its maximum value OJ?, diminishing to zero when P reaches A\ 
after which it changes in sign, attaining a negative maximum 
when at S, and completing its cycle at A, 

If we plot a curve having values of pt as abscissse and the 
corresponding values of PN as ordinates, we obtain the usual curve 
of sines shown in Fig. 3. 

Suppose now that a second point Q travels round a concentric 
circle of radius r' starting from a i seconds later than P starts 
from A \ then at time t the position of Q will be such that the 




Fig. 9. 
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angle aOQ =p{t -- f), and if QM is drawn at right angles to Oa, we 
have — 

QM = OQ sinp {t - t') 
= / sin {jpt - 6) 

where — 

jp^' = e = angle POQ 

If we take the sum of PN and QMy we get — 

PN+QM=:TL 

where T is determined by completing the parallelogram having 
OP and OQ as adjacent sides, and L is the foot of the perpendicular 
from T on Oa produced. 

Thus the sum of PN and QM is a sine function of the time 
having the same periodic time as either PN or QM^ but dififering 
in phase from either PN or QM, and having its maximum value 
given by the diagonal through of the parallelogram POQT. 

Hence, if the maximum values of two alternating currents, or 
E.M.F.'s were represented by OP and OQ respectively, the maximum 
value of the current, or E.M.F. resulting from the two when 
superimposed, is determined by the law of composition of Vectors, 
and is the diagonal through of the parallelogram with OP and 
OQ as adjacent sides. 

The corresponding instantaneous values are given by the 
ordinates PN, QM, and TL respectively, as the parallelogram POQT 
is rotated round with uniform angular velocity. 

81. Suppose we consider the case of a single inductive circuit, 
whose self-induction is L and resistance r. Let E be the maximum 
value of the P.D. impressed between 
the terminals of the circuit and / 
the maximum value of the current 
produced. 

Let OA (Fig. 10) represent in 
magnitude rl, that is the E.M.F. 
necessary to drive the maximum 
current against the resistance. This 
is in phase with the current. The 
maximum value of the E.M.F. due 
to self-induction is pLI (see § 21, 

Chap. III.), and is represented by OL drawn at right angles to OA 
and 90° behind it. The maximum value of the E.M.F. necessary 
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to balance this is therefore given by OH, whei-e OU = OZ. The 
maximum value, J?, of the P.D. is therefore given by 0-6', the 
diagonal of the parallelogram UOAE. 
Thus— 

or — 

Also the current lags behind the P.D. by an angle where — 

tane=^ 

T 

Therefore, if the P.D. is given \y^ e:=LE sin j?^, the cun^ent is 
given at any instant by — 

which is the same as equation (11) Chap. III., which was obtained 
by other means. 

The instantaneous values of c and ri are given by the lengths 
of the perpendiculars drawn from the points E and A to the base 
line as the rectangle OAEU revolves about 0. 



CHAPTER VII. 

Algebraic Representation of Vectors — Vector Addition — Products of Vectors. 

The Elements of Vector Algebra. 

32. Any physical quantity which requires for its complete 
specification data regarding (1) its mag^nitudey (2) its dlpec- 
tion, and (3) its sense along that direction is caUed a vector 
quantity. Quantities which are completely specified when their 
magnitudes only are given are called scalar quantities. 

Mass and energy are examples of scalar quantities ; Telocity, 
acceleration, force, electric current, and electromotive force are 
examples of vector quantities. 

Vector. — A vector quantity may be completely represented 
by a straight line drawn in a particular direction, the sense along 
the direction being shown by means of an arrowhead, and the line 
containing as many units of length as the quantity to be represented 
contains units of quantity. 

We call a line drawn in this way a vectOP, e,g. the vector OP 
(Fig. 11) may represent an electric current if its direction is repre- 
sented by the direction of the line OP, its sense from to P along 
this direction, and if OP contains as many units of length as the 
number of amperes (or other unit of current) in the electric current. 

88. Equality of Vectors.— Two vectors are equal if they 
contain the same number of 
units of length, are parallel to 
the same direction, and have 
the same sense; thus in Fig. 
11 the vector OP is equal to 
the vector ffP, if the length 
of OP equals that of OP, the ^^^ ^^ 

two vectors being parallel and 

of the same sense. If the sense of a vector alona a given 
direction is reversed, its sign is reversed, so that- 

P0= -OP 
otPO + OP=0 
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34. Composition of Vectors.— The sum of two vectors 
OP and PQ (Fig. 12) is defined to be the vector OQ. The usual 
meaning of the word sum is here extended, and if we write — 

OP + PQ^ OQ 

we should read OP together with PQ are equivalent to OQ. The 
addition of vectors is thus the same as the combination of forces, 

for if OP and PQ represent 
two forces, then OQ represents 
their resultant ; in fact, as we 
have abeady stated, a force is 
a vector quantity. 

The difference of two vec- 
tors OP and PQ is defined to 
be the sum of the two vectors 
OP and QPy and is, therefore, 
the vector OQ' (Fig. 12) where 
PQ! = PQ, that is PQ equals 
PQ in magnitude, but is drawn 
in the opposite sense. It may 
be well to emphasize here that 
the conditions of equality of 
two vectors in no way fixes the vectors in space : they must merely 
be of 'equal length parallel in direction and of the same sense ; so 
long as these conditions are satisfied, the actual positions of the 
vectors in space is immaterial. 

35. Al^rebpaic Expression for a Vectop Quan- 
tity. — Let OP (Fig. 13) represent any vector quantity. 

Through draw any two mutually perpendicular lines xOx\ 
yOy\ Draw PN perpendicular to xOx ; the two vectors, ON and 
NPy are then together equal to the vector OP. Any vector can 
thus be resolved into two component vectors parallel respectively 
to xOod and yOy'. 

Now let us agree to represent unit vector along Oo? by + 1 ; 
unit vector along Ox' will then be represented by — 1, since the 
sense is exactly opposite. Let us further represent unit vector 
along Oyhyk) then unit vector along Oy' w411 be represented by — k. 

If, then, ON contains a imits of length, and NP contains h 
units, the vector OP is given by — 

OP=:ON+NP 

= a + kb 



Fig. 12. 
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aud its magnitude is \/a* + 6'^; also its inclination to Ox ia 
given by — 



tane = - 
a 



X^ 




N M ^ 



Fio. 13. 

In the same way — a + A J represents a vector lying in the 
quadrant yOoi! ; — a — A:6, one lying in the quadrant Q^.O}f ; and 
a — Aft, one lying in the quadrant y*Ox, 

36. Vector Addition. — If P§ (Fig. 13) is another vector 
whose components parallel to Ox and Oy are respectively PK 
= NM = a' and Al^ = Vh, then the vector P§ is represented by 
cH -j- W, and the vector 0$, which is the sum of the vectors OP 
and PQ, is given by — 

0Q = OM + MQ 

= (ON + NM) + {MK + A'(?) 
= (a + a') + {kh + /jt') 
= (a + a') + 4(6 + 6') 

This gives the law of vector addition, and inherently contains 
that of subtraction also, the diflPerence of the vectors OP and PQ 
being represented by — 

(a - a'j + ^6 - V) 




Fio. 14. 
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MOLTIPLIGATION OF VECTORS. 

87. Vector Ppoducteu — Consider any two vectors OP 
and OQ (Fig. 14), and let OP = ON + NP, where NP is at right 
angles to OQ, 

There are two products to 
take into consideration, viz. the 
product — 

OQ.ON 

and the product — 

OQ . NP 

To interpret these, suppose 

that the vector OP represents a displacement produced by the 

action of a force which is represented by the vector OQ, 

The product — 

OQ, ON 

then represents the ivopk done by the force in moving its point 

of application from the point to the point N This product is 

essentially scalap^ since it is the increase of energy of the system 

on which the force Q acts. 

The product — 

OQ,NP 

represents the moment of the force about an axis through the 
point P at right angles to both OP and NP, and is a vector 

at pigrht angfles to the plane OPN, 

It is the scalar product of two vectors with which we are 
chiefly interested, so we leave the vector product for the present. 
By reference to Fig. 14, we see that 

OQ,ON=: OQ, OP cos e 

where is the angle between the directions of OQ and OP respec- 
tively; hence the scalar ppoduct of two vectors is 
the ppoduct of their lengrths multiplied by the 
cosine of the ang^le between their respective 
directions. 

Let the vector OP be represented algebraically by — 

a + kb 
and the vector OQ by — 

a' + W 
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then (see Fig. 13) the magnitude of OP is — 
and that of OQ is — 

and the angle between their directions is^ 

V = 8i — ©a 
where — 



and — 



tan ©1 = - 
a 



tan 02 = -> 
a 



X' 




Fig. 15. 



therefore (see Fig. 15)— 

cos = cos (01 — 02) 



= cos 01 cos 02 + sin 0i sin 02 



a 



a' 



V 



that is — 



OQ.ON =0Q. OP cos 

= \/a?~^^ \/a'2 + h^ cos 

= aa! + IV 

E 
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Thus the scalar product of the two vectors 

a 4- ^*& 
and — 

a' + kV 
is — 

aa* + hV 

38. On ir as an Operator.— A vector whose length 
is a along or parallel io Oxia represented by a ; whereas a vector 
of the same length, whose direction is parallel to Oy, is represented 
by ka. We may thus regard A; as an operator which, when it 
operates upon a vector along Ox, has the effect of turning the 
vector through a right angle in the positive (counter-clockwise) 
direction of rotation without altering its length. The effect of 
similarly operating on ka must, therefore, to be consistent, be to 
turn the vector ka through a right angle in the positive direction 
without altering its lengUi ; that is, it becomes a vector of length a 
along Ond ; that is^ it becomes — a. 

We thus have — 

k . ka = Ic^a = — a 
or — 

^2= - 1 

that is, when using the symbol k in algebraical processes, we 

must regard it as having the properties of the imaginary y/~^ 1. 

If we similarly operate with k on the vector — a, we get — ka, 

a vector of length a along Oy\ ; and operating again, we get — Ic^a, 

or + a, a vector of length 

y a along Ox. 

Again, operatiBg on any 

• vector 

a + i;6 

we get — 

k{a + kh) = ka + k% 
j^ =i ka -- h 

YiQ, 16. which (see Fig. 16) is the 

vector a + kh turned through 
a right angle in the positive direction of rotation, its length being 
unaltered. 

That is, if OP is any vector, then ic. OP is the 



J2L 
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vectop pesultingf fkH>in a potation of the veetop 
OP thpoug^h a pight angle in the positive dipec- 
tion of potation without any altepation of its 
lens^h. 

By similar reasoning we can show that — k . OP represents 
the vector resulting from a rotation of the vector OP through a 
right angle in the negative (clockwise) direction of rotation. 

89. Definition of Lag and Lead.— A vector OP is 
said to lead before, or lag behind, a vector OQ, according as the 
least amount of rotation necessary to bring OP into the same 
direction as OQ is in the negative or positive direction. 

It follows, therefore, that the vector k . OP leads before the 
vector OP by a right angle, and that the vector — k . OP lags 
behind the vector OP by a right angle. 



PROBLEMS ON CHAPTER VII. 

1. Draw diagrams showing the following vectors : — 

k, 1 + Aj, 2 + 3)fc, - 2 - 3A;, - 2 + 3^% 

2. What is the sum of all the vectors in Question 1 ? 
AnBvoer, — 1 + hk» 

3. What is the product of each of the following pairs of vectors ? 

2 + 3Aj> 2 + 3A;) - 2 - 3A;) - 2 - 3A;) 

3 + 3A;J 3-2/fe) 3 - 2A;f - 3 - 2Af 

Answers, 15; 0; 0; 12. 



CHAPTER VIII. 

The Calculation of Electric Currents in Reactive Circuits —Series Circuits — 
Parallel Circuits — Mutually Beactire Circuits. 

The Application of Vector Algebra to Alternating-current 

Problems. 

40« Before attempting to read this and subsequent chapters, the 
student is urged to make himself thoroughly conversant with the 
contents of the foregoing chapter on Vector Algebra. All that is 
necessary for a comprehensive study of its subsequent applica- 
tions is there given, and the method is so much simpler and 
more instructive than the more ponderous methods involving the 
calculus and differential equations, that no apology is necessary 
for its introduction. After thoroughly mastering the method, 
which will require a concentrated effort for but a short time, 
subsequent reading will be simplicity itself, and the student 
should experience little or no difi&culty in solving most alternating- 
current problems by its help. One feature, perhaps, more than 
any other stamps the method of vector algebra as being par 
eoscellence the method for the solution of alternating-current pro- 
blems ; that is, that while it obviates a profound mathematicai 
knowledge, it does not in any way save thought. £ach problem 
must be thoroughly viewed and understood in its physical aspects 
before the method of vector algebra can be applied. In the 
following applications we shall endeavour to emphasize the value 
of the method by a judicious selection of problems, and by de- 
ducing the vector equations from physical considerations only. 

41. Before proceeding to apply the method to specific pro- 
blems, we must recall three important propositions. 

PPOposition !• — The maximum value of the induced 
E.M.F. due to self-induction in a circuit is pLI, where / is the 
maximum value of -the ctment in the circuit, L is the self-in- 
duction of the circuit, and p = 2irn, where n is the frequency of 
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the current. Also, the E.M.F. of self-induction lags a right 
angle behind the cuppent. For the pix)of of this, see 
Chap. III., § 21. 

Ppoposition 2. — If a condenser of capacity is placed in 
an altemating-current circuit, an E.M.F. whose maximum value is 

-jy, vrhere I ia the maximum value of the current flowing through 

the circuit, is generated in consequence, and this capacity E.M.F. 

leads befope the euppent by a pight ans^le. The 

proof of this is given in Chap. IV., § 22. 

Ppopositlon 3«— If two circuits, A and B, have a mutual 
induction, M, the maxima values of the consequent E.M.F.S in 
the circuits A and B are respectively pMl2 and pMIi, where /i is 
the maximum value of the current in the circuit A, and I^ that in 
the circuit B ; and these induced E.M.F.s lag a pig^ht 
Single behind the cuppents I2 and Ii pespectively. 

PPOOf. — Let the current in the circuit B be given by — 

12 = /2 sin pt 

then the E.M.F. ei induced in the circuit A due to mutual induc- 
tion, is given by — 

^1 = - Mj^ih sin pt) 
= — pMl2 cos pt 
= pMI^ sin fpt — ? j 

The maximum value of this is pMI^ and it lags by an angle ^ 
behind the current 12; similarly the E.M.F. induced by mutual 

TT 

induction in circuit B lags by an angle ^ behind the current ii. 

Thus the proposition is established. 

Having established these propositions, we are in a position to 
proceed to the solution of some typical problems by the aid of the 
vector calculus. 

Circuits containing Eesistance and Self-induction only. 

42. To detepmine the Cuppent flowing: in a 
Cipcuit of Resistance r and Self-induction t, 
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when an Altepnatins^ P.D. whose Maximum 
Value is e and Frequency is n, is applied be- 
tween its Terminals. 

Let p = 2wny 

and / be a vector representing the maximum value of the current 
flowing through the circuit. 

Then by proposition 1 and § 38 the vector representing the 
maximum value of the E.M.F. of self-induction in the circuit in 
which the current / is flowing is — 

- hpLI 

The applied potential difference has to drive the current against 
the resistance of the circuit and also to balance the E.M.F. of self- 
induction. The vector e has therefore to be capable of resolution 
into two components — one equal to r7, and the other equal to 
+ hpLI, We thus arrive at the'vector equation — 

rl+hpLI^e (1) 

which is essentially a vector equation of E.M.F.s. 

If we reduce the lengths of each of these vectors in the ratio 
y/2 : 1, we may regard the vectors as representing root mean 
square values ; but this would not produce any change in equa- 
tion (1), which only depends upon ratios of magnitudes of vectors, 
and therefore holds good if each vector in the equation is multi- 
plied by the same constant. 

Let OP (Fig. 17) represent the vector r/. 

Then the vector OQ* = — hpLI represents the E.M.F. of self- 
induction ; and the vector PQ = -h kpLI, which is equal in length 
to OQ!, parallel to it, but of opposite sense, is the vector repre- 
senting the E.M.F. necessary to overcome self-induction ; therefore 

the vector 

OQ^OP + PQ 

is the vector representing the applied potential difference e. 

Further, the vector OP, which is in phase with the current, 
lags behind the vector representing e by an angle, fl, where — 

tane = ^ 
r 

Also (see § 35) the mafrnitude of e is given by — 
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that is — 



/ = 



(2) 



and if the instantaneous value of the P.D. is given by e sin pt, 
the instantaneous value of the current is given by — 

. _ 6 sin (pt — 0) 
*■" \/r^+p^Z^' 

Equation (2), it must be noticed, is not the same as equa- 
tion (1) ; it is one of several deductions from equation (1), and 



a: 




while (1) is a vector equation involving directions as well as mag- 
nitudes, (2) involves magnitudes only. 

Equation (2) gives us the maximum or the R.M.S. value of the 
current when the maximum or the E.M.S. value of the P.D. is given. 
It also tells us that the impedance (see § 21) of the circuit is — 

Eeferring again to equation (1), it may be written — 

I(r + hpL) = e 
or ^ e 



/ = 



r -h kpL 
_ (r — kpL)e 



(r + kpLXr - kpL) 
(r — kpL)e 
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since i" as - 1 



e — 



pL 



.ke. . (3) 



which is a current-vector equation, and states that the current / 
can be resolved into a component 



r 



r^+j^L^ 



. e 



parallel to the direction of e, that is, in phase with e, and a 
component 

at right angles to the direction of e, and lagging behind it. This 
is shown graphically in Fig. 18, where OP is the current vector, 



ar^ 




Fig. 18. 

and OQ and QP its components respectively along and at right 
angles to the direction of e. It should be noticed that the 
product 

(r + hpL)^ - hpL) 
which equals 

since A = - 1, is not a vector product ; the quantities r, p, and L 
are all scalar, and must not be treated as vectors. 
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We shall frequently make use of the vector equations (1) and 
(3), so they should be thoroughly understood ; in fact, to proceed 
further without first mastering them would be useless. 

43. To find the Equivalent Resistance, Self- 
induction, and Impedance of n Inductive 
Circuits connected in Series. 

Let Tu ^2, rg, . . . r„ be the ohmic resistances of the several 
circuits. 

Let Zi, 2^2, Ls, . . , Z„ be their inductances. 

^u ^ ^, . . • ^« be the vectors representing the B.M.S. 
potential differences between their respective terminals. 

Let i be the vector representing the B.M.S. current flowing 
through the series circuit. 

Let p = 2im, where n is the frequency of the current. 

Then, the vector e representing the potential difference 
between the extreme terminals of the series circuit is given by 
the vector equation — 

« = «i + e2 + e8+ . . . +e^ 

But by equation (1) — 

d = rii + kpLii 
eg = rai + ^£2^ 
«8 = ^8* + hpJ^i 



«» = ^ni + IcpLai 



Now, all the n's are in the same direction, viz. along the 
current vector, as also are all the ApZi*s, viz. leading a right angle 
in front of the current vector ; they can, therefore, be respectively 
added together numerically, and we get — 

e = ei + 62 + ea + . . . + e„ 
= (n + ^2 + ^8 + . . . + r„)i 

+ Ap(Zi + Z2 + Za + . . . + Z„)i . . (4) 

But if ^ and Z are the equivalent resistances and self-induction 
of the complete circuit, we have by equation (1) — 

« = -Bi + kpLi (5) 

Comparing equations (4) and (5), we see that 

i? = n + r2 + rg + . . . + i\ 
Z = Zi + £2 + Za + . . . + Z„ 
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and the impedance / is given by — 

44. To find the Cuppent passing^ thpous^h a 
Cipcuit containing a Resistance of r Ohms in 
Sepies with a Capacity of C Fapads, when an 
Altepnatincr P*D. of e R.M.S. Volts havings Fpe- 
quency n is applied between its Tepminals. 

Letp s= iirn 

and i = the B.M.S. current in amperes. 
The E.M.F. necessary to drive the current against the resist- 
ance of the circuit is — 

ri 

The E.M.F. due to capacity is — 

hi 

by §§ 38 and 40, since it leads a right angle before the current ; 
therefore the E.M.F. required to balance it is — 

ki 

The applied P.D. has therefore to be capable of resolution into 

hi 
the two components, ri and ^; thus we arrive at the vector 

equation — 

^-^77 = " <6) 

This equation is represented graphically in Fig. 19, in which 
OP is the vector H, OQ the vector representing the E.M.F. due 
to capacity, PQ the vector representing the E.M.F. necessary to 
balance that due to capacity, and OQ that representing the applied 
potential difference. 

The magnitude of e is, by § 35, given by — 



/2. 1 • 
therefore — 



% = 



V^''+^^ 
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Equation (6) shows that the current leads before the P.D. by an 
angle, fl, given by — 

tan = — 7^ 
pur 

and if the P.D. is given at any instant by — 

H sin pt 

the corresponding current is given by — 

Jg sin (pt + 0) 
1 

p^cr^ 

J1 



\/r2 + 




J 



Fio. 19. 

Equation (6) may be changed into a current-vector equation, 
thus — 

e 

F 

r — 






pG 



('-/. 



,^ 



7^ + 



p^C^ 
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r2 + 



7— . « + ^ \ .ke. . . . (7) 



r^ + 



This is the current-vector equation, and is represented in 



^' 




T^ ke 



^ 



c^ 



Fia. 20. 

Fig. 20, which shows the components of the current along and at 
right angles to the P.D. e. 



Combination of Eesistance, Self-induction, and Capacity 

IN Series. 

45* Consider a circuit consisting of a coil of wire, having 
a resistance r, and self-induction Z, placed in series with a con- 
denser of capacity C. Let an alternating P.D. e, of frequency w, 
be applied between the extreme terminals of the circuit, and cause 
an alternating current i to flow through it, and let jp = 2ir7t. 

The P.D. must have a component ri in the direction of the 
current, to drive the current against the ohmic resistance r, a com- 
ponent hpLi^ to balance the E.M.F. — hpLi of self-induction, and 

a component ^ to balance the E.M.F. -I- -^ due to capacity. 
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We therefore have the vector equation of E.M.F/s 



or 



n + hpLi p= e 



(8) 



(9) 



This equation is graphically represented in Fig. 21, where OP 

is the vector ri, OL the vector — hpLiy OC the vector —^ ^Q ^^® 
vector - (OL + OC), and OQ the vector e. 




Fig. 21. 

If OL is greater than OC, the current lags behind the P.D. by 
an angle 9, where 

r 

If OC is greater than OL, the current leads before e by an 
angle given by- 
tan = £^-ff 



If OL equals OC, that is, if — 

pL = 
the current and P.D. are in phase. 



pC 
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Reactance* — We shall denote the quantity pL ^ by 

the letter 5, and call it the reactance of the circuit. 
Equation (9) then becomes — 

ri + ksi ss e (10) 

If the P.l). is given at any instant by — 

E sin pt 

the corresponding current is given by — 

E sin {pt - 0) 



\/r2 + ^ 


From equation (10) we get— 


6 

" r + ks 

e(r — ks) 
" r2 + «2 



- r^ + s2 • ^ - ^ ^ ^ 'fee ... . (11) 

Equations (10) and (11) are equations (1) and (3) extended to 
the case in which the circuit contains both self-induction and 
capacity, the former being an equation of E.M.F.S, and the latter 
an equation of currents. 

The magnitude of e is given by — 

e = \/r^ + i^ . i 
whence — 

. e^ _ 

and the impedance of the circuit is — 

\/7^T^ (12) 

Sekies Circuits. 

46. Suppose that m reactive circuits are connected in series, 
and that an alternating P.D. e is applied between the extreme 
terminals of the combination. We propose to determine the 
equivalent resistance B, and the equivalent reactance 8, of the 
combination. 
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Let the resistances of the circuits be respectively n, r^, rg, . . . 
r,„, and their respective reactances 5i, 82, «8> • • • ^m ; aiid let the 
potential differences between the terminals of the respective cir- 
cuits be ^1,^2,^8,... e„^, and i the current common to all the 
circuits. 

We then have, by applying the equation (10) to each circuit 
in succession — 

Tii + ksii = ei 

r^i + ks^i = «2 

VqI + ks^i = e-s 



rj + ksj = e,„ 
Therefore — 

e = ei + 6^ + es+ . . . + e,„ 

= (n + ^2 + ^8 + • . . + rji 

+ k{8i + $2 + Sq+ ... + s„.)i . . . (13) 

But, applying equation (10) to the combination, we have — 

e^m + kSi (14) 

Thus, by comparison of (13) and (14), we see that 

JK = n + ra + rg + . . . + r,A 
and I . . . (15) 

S == Si + 82 + Sq + . . . + s„, j 

that is, the resistance and reactance of the series combination are, 
respectively, the sums (algebraic) of the resistances and reactances 
of the constituent circuits. 



Parallel Cibouits. 

47* Suppose that m reactive circuits are connected in parallel, 
and that it is required to determine the equivalent resistance, 
reactance, and impedance of the combination. It is better to sub- 
divide this problem into two distinct 'cases, according as mutual 
induction between the circuits is not, or is, taken into con- 
sideration. 

Case 1.— Mutual Induction nes^lected. 

Let the resistances and reactances of the individual circuits be 
^i> ^2f ^8, . • • ' m respectively, and «i, sa, S3, . . . s„, respectively ; 
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and let the P.D. common to each circuit be e, the currents in the 
respective circuits being ii, i^ is, . , . C- 

Then^ applying equation (11) to each circuit in succession, we 
have the vector-current equations — 

''^Ti^ + si^' n' + si^'^ 






But the current i in the main circuit is the vector sum of the 
currents in the several branches of the parallel circuit ; therefore 
we have the vector equation — 

i = ii + ia + ig + . . . + i^ 
Or, writing — 



A - ^^ + *"« J. 4. **> 



m 






• • 



(17) 



we get — 

i = Ae ^ kJBe 

« 

= —3 ~ T^ 



(18) 



+ *. 



A^ + &^ ' A^ + & 

And by comparison of this with the equation for the combi- 
nation — 






B + kS 



(19) 



we see that the equivalent resistance B and equivalent reactance 
S are respectively given by — 
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A^ + m 
and \ (20) 

A^-ifS^) 



S = 



Also, the equivalent impedance / of the multiple circuit is 
given by — 

-^ro- <^i> 

where A and B are defined by (17). 

A particular case worthy of attention is that in which the 
arrangement consists of two circuits only, one of which contains a 
resistance ri and a self-induction Z, while the other contains a 
resistance r^ and a capacity C, 
In this case— 

1 

«2 = - 



pC 



so that — 



B 







1 ri. 


ra 


~n' 


1 '— 


+ 1 








1 




pL 




pG 


"n" 


+ /X2 


ra" 


+ 1 



Also, if t'l and i2 are the currents in the two branches respec- 
tively — 



ii = 



l2 = 



e 
and the main current i is given by — 



F 
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i = (4 - kB)e 

If 7*2 = 0, and p is large, ii is small, and ^2 l&i^Oi so that the 
greater portion of the current passes through the condenser 
ch'cuit. 

If, in addition, ri = o, the main current is given by — 

If, further, —= = pG, the main current is zero, while the 
currents in the two branches are given by— 

ii = i^^^^^pCe 

that is, a current will circulate round the branch circuits while 
there is no current in the main circuit. It is to be noted that 7*1 
and r^ can never be zero, although they may be very small, in 
which case the current in the main circuit will be small compared 
with those in the branch circuits. 

Case 2. Mutual Induction taken into Con- 

Sidepation. — This case is somewhat complicated, since, if we 
consider any particular branch of the parallel circuit, the E.M.F. 
which drives the current against its ohmic resistance is the 
resultant of m + 1 distinct E.M.F.s, • viz. the applied P.D., the 
E.M.F. due to the self-induction of that circuit, and the E.M.F.s 
due to the mutual inductions between it and the remaining m — 1 
branch circuits. 

Let the mutual inductions of the several pairs of circuits be 
-3^1,2, -Mi,8» . . • M^pqi • • • where the suffixes denote the two cir- 
cuits to which Jf refers. Since the mutual induction between two 
circuits is reciprocal relation, Mj^ = M^, where p and q are any 
different integers from to m. Let the remaining notation be as 
in Case 1. Then considering the circuit 1, the applied P.D. must 
furnish m + 1 components, one equal to nii, to irive the current 
against the ohmic resistance of the circuit ; a second given by 
A«iii, to balance the reactive E.M.F. of the circuit ; a third given 
by hpMi^^i^, to balance the E.M.F. due to mutual induction of the 
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circuits 1 and 2 (see Proposition 3) ; a fourth given by kpMi^sis, to 
balance the E.M.F. due to the mutual induction of the circuits 1 
and 3, and so on. 

Thus the vector equation of E.M.F.S in circuit 1 is— 

j nil + ksiii + hpMi^^i^ + hpMi^^i^ + . . . + kpMiJ^ = e^ 

Similarly for circuit 2 — 
kpM^^iii + r^i^ + ks^i^ + Tq^M^^^i^ + . . . + kpM%J.^ = e 

Similarly for circuit 3 — \ .^^x 

kpM^^iii + hpM^^^H + Tsis + kssiQ + . . . + kpM^i^ = e I ' ^ 

Similarly for circuit m — 
kpM^ii + kpM^H + kpM^is + . . . + rj^ + ksj^ = ej 

' These are m simultaneous equations from which to determine 

i the currents ii, 1*2, % . . . i^* whence, by substitution, the current 

i in the main circuit can be obtained by means of the vector 

equation — 

i = I'l + 1*2 + tg + . . . + i,„ 

In this way we shall arrive, in any particular case, at an 
equation of the form — 

i =: Pe + kQe 

where P and Q are independent of k and e. Having obtained this 
equation, the equivalent resistance and reactance can be found in 
the usual manner. 

There is no mathematical difficulty in the formation of the 
vector equations (22), only great care should be taken in expressing 
exactly the physical relations existing between the several circuits. 
There is, however, a more extensive knowledge of mathematics 
required for the general solution of the equations there given, so 
we pass it over for the present, and content ourselves with a con- 
^ sideration of the simple example of two mutually inductive circuits 

connected in parallel. 

The reader with sufficient mathematical knowledge may refer 
to the Appendix for the general solution. 
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(23) 



^1^2 — S1S2 + f^M} = P^ 
n«2 + r<^\ 



Two Beactive and Mutually Inductive Circuits connected 

« 

IN Paballel. 
48* In this case the vector equations to be solv^ are — 

(n + A:«i)Vi + hpMi^^H = e 

^q>^2,\ii + (^2 + /' 82)12 = e 
and 

ii + H = i 
whence, on putting — 

and solving as simultaneous equations for ii and i^, we get — 

{nra - S182 +p^iP + Hri82 + r^^i)} k = {r^ + h{9^ - p3f) }e\ ^24) 
{Vir2 - 8182 + ?^^ + Kr\9i + rjjSi) [12 = { n + Zr(«i -^3f)}«J 

Putting, for shortness — 

these equations become — 

(P + A(2)ii = {ra + *(S2 - i?iJO}«l /orx 

(P + ftC)ia = {n + k{B, - i?Jf)}4 • • • ^^""^ 

which, by multiplying both sides of the equations by P — kQ, and 

simplifying, may be written — 

• 

(i« + C'Xa = [Pn + Q(si -pM) -\-k{P(8i -pM) - ri(2}]ej ' '^^''^ 

These are the vectoT-current equations giving the components 
of ii and 1% along and at right angles to e. By addition, we 
have — 

(pa + <22)i = [P(r, + n) + (?(«! + 8j - 2piO 

+ A!{P(«i + «2 - 2pM) - Qin + ri)}]e . (27) 

which gives the components of the main current along and at 
right angles to e ; thus the component in phase with e is — 

P(ri + ra) + e(«i + «a - 2pM) 
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and the component at right angles to e, or the wattless compo- 
nent, as it is called, is — 

P(si + ga - 2p M ) - Q(ri + rg) 

Adding equations (25), we get — 

(P + kQ)i = {n + ra + A(«i + «2 - 2pM)}6 
and multiplying this throughout by — 

Ti+Ti — A(«i + $i— 2pM) 

it becomes — 

[iXn +»'2) + <?(«i +«2 - 2pif) - ft {P(8i -|-«3 - 2pJlf ) - <2(ri +ra)} >• 

= {(ri+nf+(8i+Si-2pMf}6 

which shows that the equivalent resistance B, and reactance S, of 
the parallel circuit are given by — 

;, _ P{n + ra) + e(8i + <a - 2pM)\ 
(n + ra)2 + («i + 8a - 2/>iO* I 

„ _ Q(ri + ra) - P(8i + 8a - 2pM) \ ' * 
(n + ra)2 + (81 + 8a - 2pMf J 

and the equivalent impedance / is given by — 



(28) 



~ (n + ra)* + (81 + 8a - 2pMf 
or putting in the values of P and § — 



E = 



_ (n + raXnn - SiS^ +p^]IP) + (81 + 8a - 2pM)(riS3 + rusi) \ 



(n+»-a)»+(8i+8a-2j)Jlf)» 

„ (n + ra XnO + r^i) -(>!+»»- 2pifXrira - gi«8 +p'iP) 



= x/^ 



(ri+r^+(8i+8a-2pMy 

(nra - 8iea +y'ilf ^ + (ri8a + rggi)' ) 
iri+rif+i»i+'2-2pMy ( 



• (29) 



49* We will complete the present chapter by another example 
of the use of vector algebra, which is both interesting and in- 
structive. 

Two Cipcuitsy one containini^ Resistance and 
Self-induction, and the other Resistance and 
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Capacity, are placed in Series between Alter- 
natins^cuppent Mains : find the Fall of Potential 
alone^ the Inductive and Capacity Papts pe- 
spectively. 

Let XY (Fig. 22) be the circuit containing resistance r\ and 

Fiia.22. 

self-induction L, and YZ that containing resistance r^ and 
capacity (7. 

Let the B.M.S. value of the P.D. between JTand ZhQ V; that 
between X and Y, Vi ; and that between Y and Z, v^. 

Let i be the E.M.S. current flowing along XYZ, 

Put 

2wnL = Si 
and — 

1 __ 

~ 2irnG " ^ 

so that Si and d^ are the reactances of XY and YZ respectively, and 
n is the frequency of the current. 

Then we have (see § 43), since it is a series arrangement — 

V = {(n + ra) + k{si + 8^]i 
vi = (n + fei)i 

^2 = (^2 + *S2)i 

whence the ma^^nitudes of V, vi, and V2 are respectively given 

by- 

r = ^/ {{r^ + ra )^ + (si + 5a)^}i 

Va = y/T^~+^ . ^ 
therefore — 

Pi : va : r= x/n^M? : Vrf+^ : \/{(ri + ra)^ + («i + sa)^} 

To more fully illustrate this case^ suppose that — 

n = 100 

i = 5 henrys 

ri = 5 ohms 

ra = 10 ohms 

C = 0*5 microfarad 
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Then— 

»i = 2ir X 100 X 5 = 3141-6 
2 

"^^ " 27r X 100 X 10-« = ~^^^^ 
whence — 

y/r^ + 8^ = 3142 nearly 

Vri + «a^ = 3183 nearly 

and — 

• 

\/(ri + ra)^ + («i + s^f = 44 nearly 
Therefore— 

. vi : V2 : r = 3142 : 3183 : 44 approximately 
That is, if— 

V = 100 volts 
then — 

vi = 7141 volts approximately 
and — 

i?2 = 7234 volts approximately 

This shows that, even if low voltage mains are used, dangerous 
potential differences between portions of reactive circuits may exist. 



PROBLEMS ON CHAPTER VIIL 

1. What is the phase difference between the current in, and potential dif- 
ference between the terminals of, a coil whose resistance is 10 ohms, and self- 
induction 0*075 henry, when the frequency is 50 periods per second ? 

Answer. 67° nearly. 

2. What frequency would make the phase difference 45° with the coil in 
Question 1 ? 

Answer, 21*22 periods per second. 

3. What self-induction must a coil whose resistance is 7*5 ohms have in 
order that, when' placed in a circuit of frequency 100, the phase difference 
between the P.D. between its terminals and the current flowing in it may be 60 ? 

Answer. 0*02074 henry. 

4. What resistance must be placed in series with a self-induction of 0*025 
henry, in a circuit of frequency 75 periods per second, in order that the 
phase difference between the current and P.D. between the -terminals of the 
arrangement may be 30° ? 

Answer. 20*4 ohms. 

5. Calculate the wattless and energy currents in Questions 1, 3, 4, in terms of 
the total current i. 



72 TREATISE OX ALTERNATING CURRENTS. 

Answers, 1. Energy current = 0*39* ; 

wattless „ = 0-92*. 

3. Energy current = 0-5* ; 
wattless „ = 0*8651. 

4. Energy current = 0-866* ; 
wattless ,, =0 5t. 

6. A non-inductive resistance of 100 ohms is placed in series with a resist- 
anceless inductance of 0*05 henry. If a P.D. of 1000 volts is applied between 
the terminals of the arrangement, how is the fall of potential distributed, the 
frequency being 100 ? 

Answer. Fall of potential along resistance = 954 volt*^. 

„ „ „ inductance = 299-8 „ 

7. If in Question 6 the mductive part had a resistance of 50 ohms, how would 

the fall of potential be distributed ? 

« 

Answer, Fall of potential along non-iuductive resistance = 652*53 volts. 
„ „ „ inductive „ = 384*99 „ 

8. A non-inductive resistance of 10 ohms is placed in parallel with a rcsist- 
anceless inductance of 0*025 henry. A P.D, of 100 volts is applied between 
their common terminals, the frequency being 80. What current flows in the t^vo 
branches, and what in the main circuit ? 

Answer, Current in non-inductive resistance = 10 amperes. 
Current in inductance = 7*958 amperes. 
Total current = 12*78 amperes. 

9. A non-inductive resistance of 10 ohms is placed in parallel with an induc- 
tive resistance whose self induction is 0*025 henry, and resistance 5 ohms. A 
P.D. of 100 volts is applied between their common terminals, the frequency being 
80. What current flows in the two branches, and what is the total current? 

Answer, Current in non-inductive resistance = 10 amperes. 
Current in inductive resistance = 7*394 amperes. 
Total current = 14*467 amperes. 

10. What is the impedance of the combination in Question 9 ? 
Answer. 6*9 ohms. 

11. If two coils having self-inductions Lj, L^ respectively, and, having 
negligible resistances, are connected in parallel, what is the self-induction of the 
combination ? 

Answer, * -« - 



L1 + L2 

12. If the coik in Question 11 have self-inductions 05 and 0*025 respectively, 
what is the self-induction of the combination ? 

Answer. 0*0167 henry. 

13. If two coils having resistances of 1 and 2 ohms respectivel}^ and self- 
inductions of 0*05 and 0*1 henry respectively, be connected in parallel, what is 
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(1) the equivalent resistance, (2) the equivalent self-induction, and (3) the impe- 
dance of the combination, the frequency being 100 periods per second ? 
Answer. (1) 0-62175 ohms; (2) 0-0333 henry; (3) 21 ohms. 

14. An inductance of 0*05 henry having negligible resistance, and a capacity 
of 3 microfarads, are connected in parallel. A P.D. of 100 volts is applied 
between their common terminals, and the frequency is 100 periods per second. 
Find the current in each of the branches and in the main circuit respectively. 

Answer, Current in inductive branch = 3*1831 amperes. 

„ condenser „ = 0*1885 „ 
Total current = 2*9946 amperes. 

15. What capacity is necessary so that, when placed in parallel with an 
induction of 0*05 henry, there will be no current in the main circuit, the resist- 
ances of the circuits being negligible, and the frequency being 75 periods per 
second ? 

Answer, 90 microfarads. 

16. Two circuits, one having a resistance of 10 ohms, and a self-induction of 
0*125 henry, and the other having a resistance of 100 ohms, and a capacity of 
25 microfarads, are placed in parallel between the terminals of an alternator 
giving 1000 volts at a frequency of 50 periods per second : what are the currents 
in the two branches, and in the main circuit ? 

Answer. Current in inductive branch = 24 94 amperes. 

„ condenser „ = 6*17 „ 
Total current = 21*41 „ 

17. What is the impedance of the combination in Question 16? 
Answer, 46*7 ohms. 

18. What is the self-induction of a coil of negligible resistance such that, 
when placed in series with a non-inductive apparatus taking 10 amperes at 
40 volts, will allow of the arrangement being used on a 100-volt 50-frequency 
circuit ? 

Answer. 0*029 henry. 

19. If in Problem 18 the apparatus had a resistance of 2 ohms, and a self- 
induction of 0*011 henry, what should be the self-induction of the coil? 

Answer. 0*02015 henry. 

20. A coil whose self-induction is 0*04 henry is used in series with an arc 
lamp which takes 7*5 amperes at 40 volts, the whole being in a 100-volt circuit : 
what is the frequency of the current ? 

Answer, 43*3 periods per second. 



CHAPTER IX. 

The Use of Sine Cukves in Alternating-current Problems. 

Effect of Higher Harmonics. 

50. The representation of alternating currents and E.M.F.S by 
sine, or simple periodic, curves is frequently objected to on the 
ground that they do not accurately represent the actual variations 
of the current or E.M.F., as the case may be, and consequently 
cannot lead to accurate results. 

Let us examine carefully the value of this objection, and 
ascertain whether we may expect to obtain true results when we 
assume that alternating currents and E.M.F.S may be expressed 
as sine functions of the time. 

It will readily be granted that all alternating currents and 
E.M.F.S are periodic ; that i3, that they are all of such a nature 
that there is a certain time, T, called the periodic time, in which 
their values go through a complete cycle of changes, and that in 
each succeeding time T this cycle is repeated. It is quite correct, 
then, to represent any alternating current or E.M.F. whatever by 
some pepiodic function of the time. 

Now, by a theorem due to Fourier, any periodic function of 
the time of frequency n may be represented by an expression of 
the form — 

ai sin {pt — 0i) + 02 sin {2pt — fe) + 03 sin (Zpt — 63) + . . • etc, 

where p = iirn, and ai, a^ etc., are the amplitudes, and Oi, Q^ etc., 
the phases. 

The frequency of the first term is n, and those of the other 
terms are respectively 2w, 3w, etc. These terms are called the 
first, second, etc., hapmonics of the first term, which is itself 
called the fundamental term. 




Fia. 23. 




Fia. 24. 




Fig. 25. 




Fig. 26. 




Fig. 27. 




Fig. 28. 
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Fig. 23 shows a curve C compounded of the fundamental and 
the first hannonic ; in Fig. 24 the curve C is compounded of the 
fundamental and the second harmonic ; in Fig. 25 the curve C is 
compounded of the fundamental and the third harmonic ; in Fig. 26 
the curve C is compounded of the fundamental and the first and 
second harmonics ; in Fig. 27 the first and third harmonics are 
present ; in Fig. 28 the second and third harmonics are present ; 
whilst in Fig. 29 the curve G is compounded of the fundamental 
and the first, second, and third harmonics. In each case A is the 
fundamental curve, a^, Os, a^, the first, second, and third harmonics 
respectively, and G the resultant curve. 




Fig. 29. 

The first, third, etc., harmonics are called the even harmonics, 
because their periodic times are even submultiples of that of the 
fundamental. The second, fourth, etc., harmonics are, for like 
reason, called the odd harmonics. 

The reader should practise drawing curves compounded of the 
fundamental and harmonics, as they are very instructive. 

61. It is a matter of experience that the even harmonics are 
generally absent from the curves representing alternating currents 
and E.M.F.S, so that we may legitimately represent them by 
expressions of the form — 

ai sin {pt - Oi) + ci^ sin (3p< - fls) + as sin {bpt - ©5) + . . . etc. 
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It may be that, in a transformer or other induction machine, 
either the current or E.M.F. follows the simple sine law. The 
presence of iron, however, causes one of them to deviate from the 
sine law. If a sine potential difference is applied between 
the terminals of the primary of a transformer, the primaiyKSiment 
wave will be compounded of a sine function and some of its higher 
odd harmonics, and will consequently be distorted. 

If a sine current is produced, the appUed potential difference is 
distorted. 

52. Root Mean Square Value of a Curve 
compounded of a Fundamental Sine Curve and 
its Hig^her Odd Harmonics. 

Let— 

y = ai sin (pt — Oi) + oq sin (Spt — Os) + . , . etc. 

then — 

f = ai^ sin2 {pt - Oi) + a^^ sin^ (3pt - 63) + • . . etc. 
+ 2aia3 sin (pt — 0i) sin (Spt — 63) 4- ... etc. 
4- 2a,a, sin (rpt - Or) sin (spt - 0,) + . . . etc. 

The mean square value of y is — 

%^dt 


that is, the mean square value of y is the sum of a series of terms, 
such as — 

^ ^alsin^irpt" dr)dt 

together with the sum of a series of terms, such as — 

/•2nr 
P i ^ 

K~ I 2a^a, sin {rpt — 6^) sin (9pt — O^t 

where r and s are always old integers. 
Now — 

sin* {^t — %^ = -^ 




ijy. si, 




EQUIVALENT SINE CURVES. 79 

if r is any integer whatever, and — 



sin {rpt — d^ sin {spt — d)dt = 



if r and s are either both even or both odd. But as we have only 
to consider the case in which r and s are always odd, the mean 
square value of y is — 

a^ + d^ + a^ + . . . etc. 

2 

therefore the. E.M.S. value of y is — 



x/' 



d^ + d^ + cb^ + . . . etc. 



which is independent of 6i, Q% 63, etc. ; that is, the E.M.S. values 
of functions containing only the fundamental and odd (or even, 
but not both) harmonics depend solely on their maxima values, 
and are independent of their relative phases. 

The E.M.S. value of any alternating current or E.M.F. can 
therefore be represented by a definite vector. 

53. Root Mean Square Values of Altepnating^ 
Cuppents and E.M.F.s can be compounded as 
Veetops, whethep they be Simple Sine Functions 
OP not. 

We now proceed to show that all E.M.S. values of alternating 
currents and E.M.F.s can be compounded as vectors, whatever be 
the shape of the curve representing them. 

In Fig. 30, let AB be a non-inductive resistance B, and BG a 
coil having resistance and self- a o /% 

induction. AAAA^V — CffSTVS^ 

Let vi, v% and v be the corre- 
sponding instantaneous values 
of the P.D. between A and By 
B and (7, A and G respectively, and let the respective E.M.S. 
values be Fi, F2, and V. 

Let i be the instantaneous current passing through the circuit, 
and P the power given to the inductive circuit BG, 

Then— 

1; = t;^ 4- i?2 

therefore — 



Fig. 30. 
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and by Ohm 


's law — 








therefore — 




= v 


+ 2Riv 


a + V 




2Rmi 


= t;«. 


- V- 


Va 


therefore — 












2^ f''- ^/ 


=^'i 





t?i^ — \ 


where T is the periodic time. 






Therefore — 












2BP 


= v^ 


- Fi^ 


- r," 


or — 












P 


jn 


-. ^i' 


- ^^ 



2E 

In proving this formula (which gives the three-voltmeter 
method of measuring the power given to an inductive circuit), no 
assumption whatever is made respecting the shape of the E.M.F. 
curves, 

Now, let /be the E.M.S. current flowing through ABC; then, 
since B is non-inductive, we have — 



therefore 



-■;■ 




r = I — - ^ - 

2ri 


Fa' 



= IVi. 



F2 _ Ti* - JV 



If we now put- 



2TTJ^ = ^*^^* 



which is admissible, since v is never greater than vi + 1% we get — 

P = Fa/ cos ^ 

which is the same as if the quantities were simple sine functions of 
the time, and ^ the angle of lag or lead. 

The point to notice is that the expression for cos ^ is what it 
would be if the P.D.s were definite vectors. This is seen by 
reference to Fig. 31. 

We may call ^ the equivalent phase-diflference between 
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V2 and /. To give a geometrical interpretation, is the phase- 
difiference between two simple periodic functions whose E.M.S. 
values are V2 and /. 

We call an equivalent sine curve one which has the 
same E.M.S. value as a given periodic curve which is not itself 
necessarily a simple sine curve. 

54. It follows that, so long as the E.M.F.s and currents are 
such that each half-wave is identical with the preceding one, 
except in sign, as is usually the case, their E.M.S. values can be 
compounded in a vector fashion. 

If we are dealing with a circuit whose self-induction and 
resistance are constant, the diagram of E.M.F.s is shown in Fig. 32. 





Fig. 31. 

E is the E.M.S. value of the impressed P.D. The E.M.F. neces- 
sary to overcome the resistance is i?/, and that required to balance 
the self-induction is pLI, where p =s 2Tr times the frequency, L is 
the self-induction, and / the E.M.S. value of the current. 

•If there is iron in the immediate neighbourhood, the per- 
meability depends upon the current, and the self-induction of the 
circuit is no longer a constant quantity. 

In consequence of this the E.M.F. curve becomes distorted, 
and differs in shape from the current curve. 

It should be noticed that Fig. 32 holds good either for maxima 
or E.M.S. values of E.M.F. and current, when the self-induction of 
the circuit is constant, and the impressed P.D. is a sine function of 
the time. 

We have seen that the power given to an inductive circuit may 
be written in the form of— ^ 

P= F/cos^ 

where V and / are E.M.S.. values, and cos is a multiplying 
factor less than unity. This shows that in cases where only E.M.S. 
values are concerned, the effects are just the same as if the actual 
P.D. and current were replaced by a sine P.D. and current having 

G 
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the same R.M.S. values, and havins: a dlffep- 
enee of phase equal to ^. 

65« We are now in a position to say that calculations based 
on the assumption that the E.M.F.S and currents are simple sine 
functions are perfectly legitimate, provided (1) that only B.M.S. 
values are involved, (2) that the assumed sine values of the 
E.M.F.S and currents have the same B.M.S. values as the actual 
E.M.F.S and currents have, and (3) tbat only odd terms of 
Fourier's Series are involved. 

We can, for instance, calculate the effects of hysteresis and 
eddy currents on the assumption of equivalent simple periodic 
values, but we cannot, on the same assumption, draw any conclu- 
sion whatever respecting the amount of insulation necessary in any 
particular case, since the maximum E.M.F., and not its B.M.S. 
value, determines the insulation needed. 



PROBLEMS ON CHAPTER IX. 

1. What are the maxima values of the equivalent sine curves of the 
following ? — 

(i.) 1000 sin 750t + 100 sin 2250^ 
(ii ) 100 sin 300t + 10 sin 900i + 5 sin 1600^. 
(iii.) 250 sin 2A0t + 50 sin 720t + 10 sin 120 t 

Antwers. (i.) 1005; (ii.) 10062; (iii.) 2551. 

2. What are the equivalent phase diflferences between the following pairs of 

curves ? — 

/ t = 100 sin 300* 

(^ M c = 500 sin (mt - g) + 50 sin (900^ - ^) 

r  = 100 sin 450t + 10 sin 1350« 
^"•^ I c = 300 sin (450^ - 5) + 30 sin (1350* - ') 

Anttoera, (i.) 30° 30'. (ii.) 45°. 



CHAPTER X. 

Choking Coils for Non-inductive and Inductive Circuits — Design of 

Choking Coils. 

Impedance Coils. 

56« Impedance coils^ or choking coils, as they are often called, 
are simply coils having low ohmic resistance and high self-induc- 
tion. They are formed by winding a coil of copper wire round a 
laminated iron core, and are used for the purpose of absorbing a 
portion of the pressure between constant potential alternating 
current mains when it is desired to place between the mains any 
apparatus which requires a voltage less than that between the 
mains. 

For example, a single open axe lamp requires a pressure of 
about 40 volts, and if such a lamp is to be run from 100-volt 
mains, the pressure must be by some means lowered to suit its 
requirements. 

An obvious means of accomplishing this would be to place a 
non-inductive resistance in series with the lamp such that about 
60 volts would be required to drive the current agaiDst the resist- 
ance, but this is an extremely wasteful device. To illustrate the 
point, suppose that the arc lamp required a current of 10 amperes 
at a pressure of 40 volts, and that only 100 volts was available. 
A resistance of 6 ohms placed in series would then absorb 60 volts, 
leaving the necessary 40 volts to run the lamp. The power used 
in running the lamp would be 400 watts, while that wasted in the 
resistance would be 600 watts. If, as is often the case, the con- 
sumer was charged so much per ampere-hour, the waste energy 
does not affect him, since in either case he pays too much for the 
energy he uses ; if, on the other hand, he is charged per kilowatt- 
hour, he has to pay for a siugle lamp for as much energy as would 
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work 2j^ lamps. Thus if an ampere-hoiir meter, or coulomb meter, 
is used, the consumer is the loser; and if a watt-hour meter, 
or energy meter, is employed, the consumer does not get value 
for his money. The use of a series resistance is, therefore, 
inadmissible. 

With continuous-current mains, the only alternative to a resist- 
ance is a motor-generator ; but with an alternating-current supply, 
the reduced voltage may be otherwise obtained : (1) by the use of 
a choking coil, (2) by means of a step-down transformer, and (3) 
by a motor-generator of some description. 

Of these methods the use of a step-down transformer, or a 
choking-coil, is generally adopted. Either of these is equally 
satisfactory to the consumer, provided the primary coil of the 
transformer is only excited when required. The supplier prefers 
to use transformers because the inductance is small on closed 
secondary circuits, whereas if many choking coils are connected 
with the supply mains the load will be highly inductive, and the 
regulation of the generating plant will be rendered very difficult 
(sec Chap. XIII.). 

57. There are two cases for consideration : (1) that in which 
the apparatus to be worked is non-inductive, and (2) that in which 
it is inductive. 

Case 1. Apparatus Non-inductive. 

Let the RM.S. voltage of the supply be V, 
Let Vi and i be the pressure and current required for working 
the non-inductive apparatus. 

Let V be the pressure between the terminals of the choking coil 
necessary for the purpose. 

We shall assume that the resistance of the choking coil is 

negligible, so that the current i lags 90"^ behind 
the P.D. between its terminals. Also, the 
P.D. vi is in phase with i, since the apparatus 
is non-inductive. 

Let OA (Fig. 33) represent vi, and OL re- 
present V, 

Then V has to supply a component OA to 
Fio. 38. drive the current against the resistance of the 

apparatus, and another component OV to balance 
the E.M.F. of self-induction of the choking coil ; that is, V is 
represented by the vector OK 
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or- 



We therefore have — 

F2 = i?a + vi^ 

If, therefore, L is the self-induction of the choking coil, and 
p = 2irn, where n is the frequency of supply, we have — 

pLi = V 



= V'F^ - vi^ 



L = ±^/V^'v{^ 



(2) 



Therefore, the self-induction of the choking coil necessary for 
the purpose is given by — 

1 

pi 

i being the E.M.S. value of the current in amperes. 
Case 2. Apparatus Inductive. 

Let the notation be the same as in Case 1. 

Let, in addition, the resistance of the apparatus be ?'i, and its 
self-induction ii. 

Then the current i lags behind vi by an angle 6, where (see 
§ 21)- 



tan = 



n 



Let OA (Fig. 34) represent vi, and 01 represent i, where the 
angle ^0/= 0, 

Then OL, which represents the E.M.F. 
of self-induction of the choking coil, is 90° 
behind 01. The P.D. V has to supply 
a component equal to OA to work the 
apparatus, and another equal to OL' to 
balance the self-induction of the choking 
coil, and is therefore given by OH. 

IT 

Now, the angle AOL' = - — ; therefore- 




Fia. 34. 



whence — 



r^ = t^ + i;i2 + 2i;i;i cos (| - O) 
= ^ 4- ^l^ + 2'y2?i sin 6 

V = y/V'^ - vi^ cos2 - vi sin ... (3) 
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and the BelMndiiction L of the choking coil is given by — 

L = -.{v/F^-t^jacos^e ~ vi sin 0} . . . (4) 

If 8= 0, equation (4) reduces to equation (2), as should be 
the case, since that is the condition that the apparatus should be 
non-inductive. 

As a rule, the value of B will be known for any particular class 
of apparatus, such as induction motors, so that F, v\y and are all 
given, and L becomes determinate. 

Design of Choking Coils. 

68* Having determined the value of L for the choking coil 
required, we proceed to indicate the principles upon which its 
design and construction may be carried out. 

Let N be the number, of turns of wire on the coil, and F sin pt 
the flux of magnetic lines through the iron core at time t 

Then the E.M.r. produced in the coil by the variation of this 
flux is given by — 

= pNF cos ft 
The B.M.S. value of e is therefore — 

pNF 

or, reduced to volts, we have — 



therefore — 



or- 



pNF ,^. 



-^ — -p. = pLi 
IOV2 

NF = W\/2Li (6) 



Thus the product of the number of turns of wire, and the 
maximum magnetic flux is given by equation (6). 
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Now, let A be the area in square centimetres of the cross 
section of the iron core, and B the maximum induction in the core, 
so that — 

F^ AB 

and — 

NF^NAB 

The maximum induction B may be fixed arbitrarily, thus 
giving the product NA, It is not necessary to keep the value of 
B so low as in transformer cores, because a choking coil is only in 
use while the accompanying apparatus is working, and hysteresis 
and eddy-current losses are not of such great importance as if, as 
is often the case in transformers, the current passed through 
it constantly, and the iron loss was always going on. 

The determination of iVand A separately is a matter of design, 
and is mainly a question of experience. 

We will complete the calculation in a specific case. 

A choking coil is required for use with a 40-volt 5-ampere arc 
lamp on a 100-volt 50 frequency supply : give the necessary 
details of the coil. 

The voltage v required between the terminals of the coil is — 



therefore — 



whence — 
Suppose that — 
then — 



v^ \/1002 - 402 
= 91*6 volts, nearly 

-^ = 91-6 
IOV2 

NF = 41-23 X 10« 

B = 14,000 

NA = 2943 



Now, if the iron core forms a closed circuit, so as to have a 
small reluctance, and if we take 

N= 100 
we have — 

A = 29*43 square centimetres. 

Since B = 14,000, the permeability is 823. 
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With a current of 5 amperes, the magnetizing force is — 

4ir X 100 X 5 628-32 



10/ 



I 



where / is the length of the magnetic circuit, i.e. the average 
length of the closed lines of magnetic induction. 
The induction is therefore — 



823 X 



628-32 
I 



Therefore — 



whence — 



823 X ^^^ = 14,000 



I ^ 37 centimetres 



80 that the core could be built up of iron stampings of section 
shown in Fig. 35 to a thickness of 98 centimetres. 

The wire to be used should be 
equivalent to No. 14 S.W.G., since 
this will carry 5 amperes at a cur- 
rent density of 1000 amperes per 
square inch. 

We may notice that the self- 
induction of the choking coil is 
^ given by — 

= 916 



^...•... - 


.. JJ 


^ 




1 

I 

1 








f - J — — • 









therefore- 



Z = 



91-6. 



X5 



Fig. 85. 



2ir X 50 

0583 henry 



The foregoing calculation is not quite correct, since we have 
omitted to take into account the iron losses of the core of the 
choking coil. These could not be allowed for until the dimen- 
sions of the core were fixed. 

The following table gives the hysteresis loss in ergs per cycle 
per cubic centimetre of good soft annealed iron : — 
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TABLE II. 

HYSTBBB8I8 LoSS. 



Maximum Induction 


Ergs lost per cycle 


per square centimetre. 


per cubic centimetre. 


2,000 


420 


3,000 


800 


4,000 


1,230 


5,000 


1,700 


6,000 


2,200 


7,000 


2,760 


8,000 


3,450 


9,000 


4,200 


10,000 


5,000 


11,000 


5,820 


12,000 


6,720 


13,000 


7,650 


14,000 


8,650 


15,000 


9,670 



Since the induction in the core is 14,000 lines per square 
centimetre, the hysteresis loss in ergs per cubic centimetre per 
cycle is 8650. 

The volume of the iron is 1089 c.cms. ; therefore the total loss 
in ergs per cycle is — 

9,419,850 

To provide for this requires — 

471 watts 
and takes a current of — 

0*51 ampere at 91*6 volts. 

As this current is only 9 per cent, of the total current, the loss of 
energy in the choking coil is but small. 

The same remark applies for the energy current required for 
the eddy-cuiTent losses. 

By working at a lower induction in the iron, and by making 
the magnetic circuit open instead of closed, the losses may be still 
further diminished. 



PROBLEMS ON CHAPTER X. 

1. What is the self-induction of a coil of negligible resistance that, when 
placed in series with a non-inductive apparatus taking 10 amperes at 40 volts, 
will allow the arrangement to be used on a 100-volt 50-frequency circuit ? 

Answer. 0*029 henry. 



90 TBEATISE OK ALTERNATING CUBRENTS. 

2. If in Qaestion 1 the apparatus had a resistance of 2 ohms, and a self- 
indaction of OOll henry, what must he the self-induction of the coil ? 

An»wer» 0*02015 henry. 

3. Qiye a complete design of a choking coil with open magnetic circuit to 
give a counter E.M.F. of 90 volts, and taking 25 amperes on a 75-frequency 
circuit. 

4. A choking coil of negligible resistance absorbs 90 volts on a circuit of 
frequency 100 : what is its counter E.M.F., if the frequency is 75, the current 
remaining the same ? 

Annaer. 67*5 volts. 

5. A choking coil of negligible resistance gives the same counter E.M.F. at 
frequencies 100 and 80 : what is the ratio of the currents at the two frequencies ? 

Answer. ^. 

6. A choking coil has a P.D. between its terminals of 90 volts ; its resistance 
is 0*5 ohm, and the current is 20 amperes : what is the self-induction of the coil, 
and what is the difference of phase between the current and P.D., the frequency 
being 75 ? 

Anstver. Self-indaction = 0*00955 henry 

phase-difference = %S^ 40'. 

7. If a P.D. represented by — 

e = 1000 sin 750^ + 100 sin 2250t 

is applied between the terminals of a coil whose resistance is 10 ohms, and self- 
induction 0*05 henry, find the power given to the circuit. 
Answer. 3354 watts. 



CHAPTEE XI. 

Transformer on Open Secondary Circuit — Hysteresis Loss — Eddy-current Loss 
— Lamination of Core — ^Transformer working under Load — Calculation of 
Eddy-current Loss — Effect of Shape of P.D. Curve on Iron Losses — Tests 
of Transformers. 

Mono-phase Transformeks. 

59« A mono-phase stationary transformer consists, in its simplest 
form, of two coils of wire wound on the same iron core, as in 
Fig. 36. 

Between the terminals of one of the circuits — the primary 
circuit — an alternating P.D. is applied. 
This causes a current to flow through 
the primary coil, producing an alterna- 
ting magnetic field which cuts the wind- 
ings of the other circuit — the secondary 
circuit. An alternating E.M.F. is thus 
induced in the secondary circuit, giving 
rise to a secondary current if the 
secondary terminals are connected to an 
external circuit. 

Tpansfopmep on Open 
Secondary Cipcuit. — It will 

readily be seen that the presence of a secondary circuit renders a 
study of the transformer somewhat complicated, since the mutual 
reactions of the two currents have to be taken into consideration. 

To make matters as simple as possible, it is advisable to com- 
mence by supposing that the secondary circuit is open, so as to 
have only the primary current and its effects to consider. 

Let £i be the RM.S. potential difference applied between the 
primary terminals, ri the resistance of the primary coil, si its 
reactance, and ii the E.M.S. value of the primary current on open 
secondary circuit. 
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Then— 

i - ^' 

ii = 



Since the circuit is wound on an iron core, Si will be large, and ti 
correspondingly small. 

If the power factor of the circuit is now determined, it will be 
found to be comparatively small, showing that a considerable 
portion of the current is at right angles to the applied P.D., and is 
idle, or ixrattless. There will thus be an energy component of 
the current in phase with the P.D., and a wattless component at 
right angles to the RD. 

We have to indicate the functions of these two components of 
the primary current when the secondary circuit is open. 

Hystepesis Loss. — It is known that when iron is sub- 
jected to a complete cycle of magnetic changes a certain amount 
of energy is wasted due to hysteresis. The exact amount of 
energy thus lost per cycle depends upon the quality of the iron 
and the maximum induction in it (see Chap. X., Table II.). 

If, further, the cycle is such that the magnetizing force varies 
continuously from zero to a positive maximum, back again through 
zero to an equal negative maximum, and finally to zero again, the 
energy lost per cycle due to hysteresis may be represented by the 
formula — 

H = kB^'^ '^ i« (Steinmetz's law) 

where H is the energy lost, and fc is a constant depending upon the 
quality of the iron, and B is the maximum value of the induction. 

It should here be mentioned that Steinmetz's formula holds 
good only for somewhat low induction densities, such as are prac- 
tically met with in transformers. As the induction density in- 
creases, the exponent of B diminishes. 

Eddy-cuppent Loss. — Another source of waste energy is 

eddy cuppents. 

The iron core being itself a conductor of electricity, secondary 
currents are induced in it. These currents flow in the mass of the 
iron in closed circuits, approximately in planes at right angles to 
the magnetic flux. The result is that the core becomes heated, 
and energy is dissipated. 

Lamination of Cope. — To reduce these eddy-current 
losses as much as possible the core is built up of thin sheets of 
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iron, insulated from one another by means of thin paper or varnish. 
Sometimes the oxidization on the surfaces of the iron sheets is of 
itself sufficient insulation. The core is laminated by planes 
parallel to the magnetic flux. By this means the eddy currents 
are confined to narrow paths, which greatly reduces them, and 
minimizes the consequent loss of energy. 

The losses due to eddy currents will be more completely dealt 
with later on. 

When working on open secondary circuit the power given to 
the primary is equal to the sum of the losses due to hysteresis and 
eddy currents, together with an insignificantly small iiVi loss, 
which may be neglected. We shall see later that the iron losses 
are independent of the secondary load. 

The function of the wattless component of the primary current 
is to magnetize the iron. No permanent expenditure of energy is 
required for this purpose. The magnitude of the wattless com- 
ponent depends upon the permeability of the iron and the re- 
luctance of the magnetic path. It is. greater in open than in 
closed magnetic-circuit transformers. 

Some writers on the subject call the total primary current, on 
open secondary circuit, the magnetizing current ; but it is better, 
in our opinion, to call the wattless component only the 
magnetizing current. 

The power component is called the hystepetic energy 
cuppent. 

Denoting the magnetizing current and the hysteretic energy 
currents by i„» and i* respectively, and the total current by i^, we 
have — 

io' = h' + iJ (1) 

since % and i,^ are at right angles to each other. 

Let Hq be the K.M.S. value of the E.M.F. required to balance 
the primary counter E.M.F., and write — 



P-W <2) 



K 



"^'T^ (^) 



and — 



^=i w 
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Then- 
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+ <T« = 



i*" + i, 



A" 



m 



therefore — 

F = V7+^^ (5) 

p is called the virtual conductance, <r the susceptance, and Y the 
admittance of the primary circuit. The power factor on open 
secondary circuit is given by (see Fig. 37) — 



cos = 



^o 



(6) 




Fig. 37. 



and should be as small as possible. 

When the transformer is on open secondary circuit, the primary 

current is so small that the loss of 
energy due to ohmic resistance may 
be neglected. As soon as load is put 
on the secondary, the primary current 
■• increases, and the copper losses in 
both circuits must be taken into 
account. 

In designing a transformer, the 
maximum induction B in the core is 
usually fixed beforehand, and the permeability fi of the iron is 
therefore known. The value of the magnetizing current i^ may 
then be determined as follows : — 

^^' lOi 

where Ni is the total number of primary turns and L the mean 
length of the magnetic circuit; hence — 

IQBL 



K- 



4c7rfiNix/2 

='0-5627^7 

fJuNi 



(7) 



The hysteretic-eneigy current can also be determined in the 
following manner : — 

Let V be the volume of the iron core in cubic centimetres. 
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W the number of ergs per cycle lost in hysteresis, n the frequency 
of the supply, and JEq the primary applied P.D. Then (neglecting 
eddy currents) — 

. ^ nwr 

or — 

'''"WWo w 

We will show later (see § 61) how the loss due to eddy 
currents may be approximately calculated. The current necessary 
to supply energy for this loss must be included in if,. 



Transformer Working under Load. 

60. We now pass on to consider the working of a transformer 
under load. If a transformer is used to supply power for incan- 
descent lamps only, the external circuit may be treated as non- 
inductive; if, however, it supplies arc lamps requiring choking 
coils, or induction motors, the load is inductive, and the external 
reactance must be taken into account. 

We shall assume that the maximum induction in the iron core 
is constant at all loads. 

The method of vector algebra supplies a concise means of 
performing the necessary calculations. 

We shall for the present assume that both the reactances of 
the two circuits and their mutual induction are constant. 

Let the resistance of the primary circuit be ri, its reactance Si, 
and the E.MS. primary current ii, and let the corresponding 
quantities for the secondary circuit (internal and external) be r^, 
82, and ia, the coefficient of mutual induction between the two 
circuits M, and the E.M.S. potential difference between the primary 
terminals e. 

Then, following the argument of § 47, Chap. VIII., the vector 
equation of E.M.F.S in the primary circuit is — 

nil + ksiii + hpMi^ = e (9) 

The E.M.F. in the secondary circuit due to mutual induction 
is — kpMii, This has to furnish a component, r^i^t in phase with 
the secondary current to drive the current against the ohmic 
resistance of the circuit, and also a component, ^83^2, to balance the 
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E.M.F., — l'8^i^, due to the secondary reactance. We thus have the 
vector E.M.F. equation — 

ra'ia + ^H = — kpMi\ 
or — 

r^H + i'Sa^ + kpMii = (10) 

Equations (9) and (10) are the vector E.M.F. equations of the 
primary and secondary circuits respectively. Eliminating first h 
and then ii we get — 

{(rii\ - 81*2 -f j/j/2) ^ /^;.j +82r£8i)}ii = (r2 + ys^)e 
and — 

{{rir^i — «i«2 + p^AP) + A;(ri52 + r2.'?i)}i2 = — IpMc 

which may be written in the forms — 

= (r2^ + S22)^ . (11) 
and — 

{ — (^1^2 + H»i) + fc(ri7\ji — 8iS2 + p^M^)]i2 = pMe . . . (12) 
Hence the mag^nitudes of the primary and secondary 



currents are given by — 



h = 



12 = 






) . (13) 



V{{n^ + 8i»X'-2' + 82") + 2/it£Vi''a - W + i>*^/*)J 



If B and 5 are the equivalent resistance and reactance of the 
primary circuit, we get at once from equation (11) — 



and — 



ii = j-i + 



S=si- 



ri + si 






(14) 



From equation (11) we also see that the primary current lags 
behind the applied P.D. by an angle where — 

**° ^ " n(4* V^^J +"^^2^^ • • • • (^^) 
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Whence the current and applied P.D. are in phase — that is, there 
is electrical resonance in the primary circuit, if — 

W-i^«2iir» + «ira^ = .... (16) 

that is, for a given primary reactance there are two values of the 
secondary reactance for which resonance may occur in the primary 
circuit, provided the roots of equation (16) considered as a 
quadratic in sg are real ; that is, if — 

jj^lP is greater than 28ir2 

If ]f]\P = 2«ir2 these two values coincide, and 32 = r^, i.e. the 
secondary resistance and reactance are numerically equaL 

Equations (14) show that the apparent resistance of the 
primary circuit is increased, and its apparent reactance is 
diminished by the presence of the secondary circuit. 

From equation (12) we see that the secondary current lags 
behind the primary P.D. by an angle tt — ^, where — 

^^ rjn^Ll}^+£Ml .... (17) 

^ nS2 + ^281 ^ ^ 

It is evident from this that the secondary cun:ent is in exact 
opposition to the primary applied P.D., if — 

rir2 - sisa + p^M^ = (18) 

and this condition is satisfied by one value only of s^. Moreover, 
conditions (16) and (18) cannot be satisfied simultaneously, since 
then we should have — 

riS2 + T^i = 

and the secondary current would be infinite, as is seen by reference 
to equation (12). 

If condition (16) is satisfied, we see from equation (11) that 
the primary current is given by — 

which shows that, even if the primary current is in phase with the 
impressed P.D., its value depends upon the resistance of the 
secondary circuit, and the ratio of the reactances of the two 
circuits, as well as upon the primary resistance. 

H 
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Again, from equations (13) — 

If, DOW, the seoondaiy resistance is n^ligible compared with its 
reactance, and if its reactance is due simply to its self-induction 
Xi, this equation becomes — 

is M. 

If, further, there is no leakage, and the external circuit is non- 
reacti7e, so that (see Ex. 5, p. 9) — 

ii being the primary self-induction, we have (see Ex. 9, p. 9) — 






(20) 



where Ni and N^ are the number of turns on the primary and 
secondary coils respectively. 

Let T be the P.D. between the secondary terminals. 

If «a', ra' are the reactance and resistance respectively of the 
external secondary circuit, we have — 

r = T^H + Wi2 (21) 

and the secondary terminal P.D. is in phase with the secondary 
current if the external circuit is non-reactive. Combining equa- 
tions (12) and (21), and putting for shortness — 

riSa + r^\ = a 

we get — 

y, _ - {r^ + ks^ypMe 
a -- kb 

« 
TUat is, V lags behind e by an angle jr — ^, where — 



(22) 



tan*=-^^-— jg, (23) 
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If the external circuit is non-reactive, this becomes — 





t«n 


^ a 








TiT^ 


— S1S2 + ]^iP 








riS2 + T^l 


If, further, there 


is no 


leakage, 


so that — 






Sl«2 


= fM^ 


it reduces to— 






^ 






tan ^ 


1 



(24^ 



which is always a small quantity, but never zero, so that the 
secondary P.D. lags behind the primary P.D. by nearly 180 degrees 
in phase. 

Now in the general case — 

ar{ — fts'a' a a ar{ — 652' 
is greater than, equal to, or less than — 

h_ 

a 
according as — 

(a2 + W)^ 

is greater than, equal to, or less than 0. That is, the angle of lag 
^ increases as the self-induction of the external secondary circuit 
increases and becomes negative when the reactance becomes 
negative, due to capacity. 

The secondary terminal P.D. is in exact opposition to the 
primary terminal P.D. when— 

hr^ -h a^ = 

The output, W, of the transformer is the scalar product of V* and i^. 
From equations (12) and (22) and § 37, Chap. VII., this can be 
determined. 

Writing (12) in the form — 

— pMe 
_ — pM{a + lcb)e 
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we see that the output is given by — 

~ o« + J* 



Again, the primary cnnent is given by — 



(25) 



^ _ (ra + faa)g 
h + 1ca 

Therefore the input, W^ being the scalar product of e and ti, is given 

^- a^ + ja - 

(ri«2 + r2Si)2 + (rira - SiS^ + p^M^f ' ^ ^ 
the efl&ciency ij is thus given by — 

p'Mh'^ 

" ri(r2^ -f Sa^) + r^p^M^ 

which, by the help of (14), may be written in the form— 

(Jg-ri)(ra^ + S2> 2^ 

'fS}-'s) W 

Here n is the ohmic resistance of the primary coil, It its equiva- 
lent resistance, given by equation (14), r^ is the total secondary 
resistance, and r^ the resistance of the external secondary circuit. 

The above expression for the efiSciency does not take into 
account the iron losses due to hysteresis and eddy currents, but 
these can be allowed for in the following manner: — 
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The iron losses are ei^ where 4 is the energy, component of the 
primary current on open secondary circuit. If we write — 

nV = nii^ + ei, (28) 

the amended expression for the efficiency becomes — 

since ii is known for any load and i^ can be calculated from the 
known iron losses, the value of r/ is perfectly definite. 

61. To calculate the Enepgy lost in Eddy 
Cuppents in the Cope of a Tpansfopmep.— Let Fig. 

38 show a section of one of the 
transformer stampings at right angles 
to the magnetic flux, so that b is the 
thickness and a the width of the 





ae^^aa. 




 « c- 

^ 











stamping. Let L be its length. pj^ 3g 

Consider an elementary path, 
whose outside length is x + dx and breadth y + dy, and let the 
induction be given by — 

B &mpt 

The flux through the elementary circuit is — 

xyB sin pt 

therefore the E.M.F. acting round the path is given by— 

e = jl^yB sin pt) x 10 " ^ 

_ xyBp cos pt 
"■ 108 

The resistance of the elementary path is given by — 



pLdy pZdx 

p being the specific resistance of iron — 

2x 1 

since y is always small compared with x. 
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The rate at which energy is lost in the elementary path is, 
therefore, given by — 

r 

* 2 xio« "^^^^p^y 

since — 

a : 6 = .f : y 

The rate at which energy is lost in the whole stamping is, there- 
fore, given by integrating from y = o, to y = A, and is — 



»^=f^^«cos«^^ 



8 X 10" 

where V = obL is the volume of the stamping. 

The rate at which energy is lost per cubic centimetre is, 
therefore — 



8 X 10i« 



watts 



and the average rate per second at which energy is lost per cubic 
centimetre is given by — 



ix 1016 -ri,*^ ^'•'** 



8 A iU - J-Jt 

where T is the periodic time — 

_ V^BYp 
~ 16 X 10« 

~ 4 X 10i« 

where n is the frequency of the flux. If i is expressed in 
mils., this becomes — 

iMOmB)^ X 10-" (30) 

This value is, however, probably too large, and the value ( -rp- J 

will be more approximate, since the eddy currents will not 
generally take symmetrical paths as is here assumed, owing to 
the iron not being quite homogeneous. 
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Expressing E in ergs per cubic centimetre per cycle we get — 

~ 10» 



E=z 



Thus the loss due to eddy currents is seen to be proportional to 
the square of the thickness of the iron stampings. 

Now the counter E.M.F. in the primary circuit is on open 
secondary equal in volts to the product of the rate of change of the 
flux and the number of primary turns divided by 10®. Thus the 
counter E.M.F. is proportional to the product of the frequency and 
the maximum induction ; that is, to nB, But the counter E.M.F. 
is nearly equal to the primary applied P.D. on open secondary ; 
therefore we may say approximately that the eddy current loss is 
proportional also to the square of the applied potential difference, 
and is constant so long as the applied P.D. remains the same, and 
is independent of the frequency. Hence, also, if the applied P.D. 
and the frequency are constant, so is the maximum induction, and 
the maximum induction for a constant applied P.D. varies inversely 
as the frequency. 

Hysteresis Loss. 

62. We have already seen (see § 59) that the average rate of 
loss of energy due to hysteresis is given by — 

E' = knB^ watts 

where a is a constant which lies between 1*4 to 1*6, according to 
the quality of the iron, and k is also a constant for a given quality 
of iron, and has values given, according to*Steinmetz, by the 
following table : — 

TABLE III. 
Hystbrbtio Constants fob Diffebbnt Matbbials. 



Material. 


Hysteretic constant 
k 


Very soft iron wire ... 

Very thin soft sheet iron 

Thin good sheet iron 

Thick sheet iron 

Most ordinary sheet iron for transformer cores ... 

Soft annealed cast steel 

Soft machine steel 

uast sceei ... ... ... ... ... ... 

Cast iron 

Hardened oast steel 


0-002 
00024 
0008 
00033 
0-004 to 00045 
0008 
00094 
0012 
0-0162 
025 
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The values of the hysteresis losses in good soft iron, in micro- 
watts per cubic centimetre for a frequency of 50 alternations per 
second, for various values of the maximum induction, are given in 
the following table : — 



TABLE IV. 



Mixlamni 
ioductioii. 


Valoeof^. 


Hyiienwls Iom in microwatts per caUc oentimelre. 


= 0-002 


= 003. 


s= 0-004 = 0*005 

1 


1,000 
2,000 
3,000 
4,000 
5,000 
6,000 
7,000 
8,000 
9,000 
10,000 

1 


63,100 

191,800 

865,900 

850,000 

828,800 

1,111,000 

1,420,000 

1,758,000 

2,122,000 

2,511,000 


631 

1,913 

8,659 

5,800 

8,288 

11,110 

14,200 

17,580 

21,220 

25,110 


946 

2,869 

5,483 

8,700 

12,432 

16,665 

21,300 

26,370 

31,830 

37,665 


1,262 
3,826 
7,381 
11,600 
16,576 
22,220 
28,400 
35,160 
42,440 
50,220 


1,577 
4,782 
9,147 
14,500 
20,720 
27,775 
85,500 
43,950 
53,050 
63,775 



68. Effect of Shape of P.D, Cupve on Iron 
Losses in Tpansfopmep Copes.— We have seen that, as 

a rule, we cannot in general expect the wave-form of the P.D. 
applied between the primary terminals of a transformer to be a 
true sine curve. It may, in fact, have almost any shape of a 
periodic nature. It becomes a matter of interest, therefore, to 
inquire how the iron losses in transformer cores are affected by the 
shape of the P.D. curve. We proceed to attack the problem from 
a theoretical point of view. 

Assuming that the iron losses are independent of the load on 
the transformer, we may proceed on the supposition that the 
secondary circuit is open. Let v be the instantaneous counter 
E.M.F. in the primary circuit, A the cross-sectional area of the 
core, N the number of primary turns, 6 the instantaneous value of 
the induction, and 8 the area of the v curve taken over haK a 
period. 

We then have, neglecting leakage — 



v^AN^ 



db 
dt 



(31) 



Integrating this over half a period, we get— 
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.-/: 



S = I ^vdt 




= 2ANB (32) 



=^2AN\^dh 





where B is the maximum value of the induction, and T is the 
periodic time. 

If we assume that the hysteresis loss Wi is given by (Stein- 
metz's formula) — 

Wi = JcnB'^ 

where a and k are constants, and n is the frequency, we get, by 
substitution — 

Again, the eddy-current loss is given by (see p. 102) — 
where w is a constant, by (31)— 



m 

J 



&' (^3) 





T being the periodic time. Therefore — 

W^ = -T^m X (mean square value of primary counter E.M.F.) 
The total iron losses are therefore given by — 

9~4n) + A2\n X (iJ^^aii sq. value of primary counter E.M.F.) 
Now, on open secondary circuit, the primary P.D. is almost 
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exactly equal to the primary counter E JiI.F., but opposite iu phase ; 
we may therefore write — 

^ "^ ^(2AN^ "^ j^iP ^ (mean square P.D.) . (34) 

If, then, the P.D. between the primary terminals, as measured by 
a hot wire or electrostatic voltmeter, is kept constant, the total 
iron loss is given by equation (34), whatever be the shape of the 
wave. 

The problem of finding the area of the wave which makes the 
iron losses a minimum is the same as that of making the area of 
the P.D. wave as small as possible while the R.M.S. potential' dif- 
ference, F, remains constant. We have, therefore, to make — 

/ Vdt = a minimum 
while — 

/ F^d^ = a constant (35) 

From this we deduce that / Vdt has no absolute minimum, but 
may be made as small as we please by making the maximum value 
of V correspondingly large and the P.D. curve narrow and peaky. 

It is to be noticed that the hysteresis losses only are affected by 
the wave form of the primary P.D. as the eddy current losses are 
constant when the P.D. is constant. 

It is not advisable to attempt to reduce the hysteresis loss too 
much in the manner here indicated, as, by so doing, the maximum 
P.D. becomes very great, and the insulation of the transformer 
must be correspondingly increased, a course which would produce 
a very costly appliance. 

These theoretical results have been amply proved by experi- 
mental investigation, and we would draw the attention of our 
readers to the writings of Mr. Steinmetz,^ Dr. Fleming,* Messrs. 
Beeton, Taylor, and Barr,^ Dr. Koessler,* Mr. Evershed,^ and Mr. 
Feldman,® on the subject. 

^ Eleotrieiany August 24, 1894, vol. xzxiii p. 498. 

• JTWd., June 28, 1895, vol. xxxv. p. 304 ; January 10, 1896, vol. xxxvi. 

» Ibid,, June 21, 1895, vol. xxxv. p. 257; June 28, 1895, vol. xxxv. p. 286; 
November 8, 1895, vol. xxxvi. p. 61. 

• Ibid., November 22, 1895, vol. xxxvi. p. 124; December 6, 1895, vol. xxxvi, 
p. 222. 

^ Ibid., Marob 27, 1891, vol. xxvi. p. 635. 

• JMd., October 18, 1895, vol. xxxv. p. 809. 
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Perhaps the experimental investigation of greatest interest is 
that of Messrs. Beeton, Taylor, and Barr, on account of an inge- 
nious method of obtaining various wave forms from a single alter- 
nator by the use of a piece of apparatus called an il^jectOPy 
by means of which resistance, self-induction, or capacity can be 
thrown in the circuit at any instant during the period at will, 
producing wave forms of the P.D. which could only have been 
obtained otherwise by a series of dissimilar alternators. 

The conclusions arrived at experimentally are — 

1. That if the E.M.S. value of the applied P.D. is constant, and 
the area of the P.D. wave is constant, then, whatever be the shape 
of this wave, the total iron loss cannot vary. 

2. That if the E.M.S. value of the applied P.D. is constant, but 
the area of the P.D. wave varies, then, whatever be the shape of 
the wave, the total iron loss will vary by an amount which is only 
dependent upon the area of the P.D. wave. 

These results are in complete agreement with the preceding 
theory. 



Tests of Transformers. 

64* Tests on Ferranti standard transformers furnish the 
following results :— 

TABLE V. 

Fbequenct 50 Ctoles peb Second. 

Trans^ormatioh Ratio. 



Ontpnt in 
kilowatts. 


EfflcienoieiL 


Loss at 

no>load 

peroeot. 


Secondary 

drop on 

fall noQ- 

indactlve 

load per 

cent. 


Secondary 

load on 
ftiU indno- 
tive load. 
Power fac- 
tor 0*8 per 
cent. 


Full load. 


i 


i 


i 


A 


10 
20 
30 
40 
50 


96*4 
970 
97-5 
97-6 
97-7 


96-5 
97-2 
97-6 

97-7 
97-8 


96*8 
970 
97-4 
97-5 

97-7 


94.2 
,95 2 
95-9 
961 
96-3 


87-6 
89-6 
91-0 
915 
91-9 


14 

115 

10 

0-93 

0-88 


2 
2 
2 
2 

2 


4-5 
4-5 
4-5 
45 
45 
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TABLE VI. 

Fbequbnoy 100 Ctolis per Sboond. 

TianBformation Ratio. 



Oatpot in 
kUowatts. 




EflklencleB. 






Loaaat 

no-load 

percent. 


Secondary 

drop on 

full non- 

indnctiye 

load per 

cent. 


Secondary 

load on 
fall indno- 
ttve load. 
Power fac- 
tor 0*8 per 
cent. 




Fall load. 


i 

970 
97-6 
97-8 
97-9 
981 


i 

96-7 
973 
97-6 
97-8 
979 


i 

94-6 
95-9 
97-3 
96-6 
96-6 


iV 


10 
20 
30 
40 
50 


96-9 
97-4 
97-7 
97 8 
979 


88-4 
90-9 
91-8 
921 
92-5 


1-3 

10 

0-9 

0-85 

0-8 


2 
2 
2 
2 
2 


CO CO CO CO CO 



PROBLEMS ON CHAPTER XL 

1. Show that, if the primary and secondary coils of a transformer are so 
wound that there is no leakage, the equivalent self-induction of the primary 
circuit with closed secondary is given by — 

7y r 2 



+ p^L^ 



where L^ and L2 are the self-inductions of the primary and secondary coils 
respectively, rg is the total resistance of the secondary circuit, and p = 2irn, n 
being the frequency, the secondary external circuit being non-inductive. 

2. Assuming the result given in Question 1, show that in a transformer 
having no leakage, and non-inductive external secondary circuit, the primary 
current lags behind the applied by P.D. an angle <t> given by — 



tan <i> = 



pL^r^^ 



n^a + JP^^aCn-Z'a + »"a^i) 



where r, is the resistance of the primary coil. 

3. *Show that, in a transformer having no magnetic leakage, the impedance 
of the primary on closed non-inductive secondary circuit is grea ter th an, equal 
to, or less than its impedance on open secondary, according as V^^i^a ^ greater 
than, equal to, or less than pM, where r^ is the resistance of the primary coil, rg 
the total resistance of the secondary circuit, M the mutual induction of the 
primary and secondary coils, and p = 2irn, n being the frequency. 
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4. Show that, taking leakage into account, the condition in QneRtion 3 is 
obtained by writing — 

VJK 2 - L^L^ for M 

where L^ is the self-induction of the primary coil, and L^ that of the secondary 
coil. 

5. A condenser of capacity C is permanently connected in parallel with the 
primary coil of a transformer : show that the power factor will be unity, if — 

where — 






p^Mh-^ 



'+p^W 

the notation being as in Question 3. 

6. In a transformer having no magnetic leakage the self-inductions of the 
primary and secondary coils are respectively 1 and 0*1 henry, the resistances 
10 ohms and 0*1 ohm, the mutual induction of the two coils 0'09, and the fre- 
quency 100 periods per second : what capacity must be placed in parallel with 
the primary coil to give unit power factor ? 

Anstuer, About 2*8 microfarads. 

7. A transformer has a primary and two secondary coils ; the resistance and 
self-induction of the primary are 10 ohms and 0*001 henry respectively ; those 
of the first secondary are 5 ohms and 0*0006 henry respectively, and those of the 
second secondary are 1 ohm and 0*0001 henry respectively ; the mutual induc- 
tions between the primary and first secondary, the primary and second second- 
aries, and the two secondaries, are respectively 0*00065, 0*0003, and 0002 
henry. If the primary P.D. is 1000 volts, what is the primary current, and what 
is the difference of phase between P.D. and current, the frequency being 100 ? 

Answer. 98*52 amperes; 6° 10'. 

8. The P.D. between the primary terminals of a transformer is 2000 volts, 
the current is 0*15 ampere, and the power as measured by a wattmeter is 275 
watts : what is the power factor ? 

Answer. 91*67 per cent. 

9. Show that, if the resistance of the secondary coil of a transformer is negli- 
gible, its efiBciency is a maximum when the external secondary resistance is 
numerically equal to the total reactance of the secondary circuit. 



CHAPTEE XII, 

Design of Transformers — ESectB of ICagnettc Leakage-— Core Laminations — 
Methods of testing Transformers — Calculation of Hysteresis Loss — ^Regula- 
tion of Transformers — ^Insulation and Temperature Tests. 

Design of Transformers. 

66« We do not propose to enter into an exhaustive treatment of 
the design of transformers, as we should be compelled to study 
closely several types, the general principles of all of which are 
the same, and the differences only in details of construction. 

We shall, therefore, only indicate the nature of the calculations 
involved, referring at the same time to such practical points as 
depend upon previous experience. 

66* Before commencing a design, we must have the following 
data : — 

(1) The full-load output ( W watts) of the transformer. 

(2) The primary impressed P.D., Ei volts. 

(3) The secondary terminal P.D., U^ volts, 

(4) The copper and iron losses in percentages of the full-load 
output. 

(5) The maximum induction density, B, at which the iron of 
the transformer is to be worked. 

(6) The frequency, n, of the primary supply current 

(7) The thickness and permeability of the core stampings. 

(8) The type of transformer to be made. 

(9) The maximum permissible rise of temperature. 

We propose to give approximate calculations in the following 
particular case. 

Let JT = 10,000 watts. 
Hi = 1,000 volts. 
£\ = 100 volts. 

B = 2,500 lines per square centimetre. 
n = 50 complete cycles per second. 
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Let the iron and copper losses be each 150 watts at full load. 
Working at the same current density in both the primary and 
secondary circuits, the consequent dissipation of energy in each 
will be 75 watts. 

67. Copper CiPCUitS.— Let h be the length of the 
primary circuit, o-i its cross-section, and ri its resistance ; and let 
kf <T2, r2 have similar meanings for the secondary circuit. If p is 
the specific resistance of copper, we have — 



(1) 




The full-load primary cun-ent is — 

TV 

= 10 amperes (approximately) ... (2) 
and the secondary current is — 

^2 = 100 amperes (3) 

We have, therefore — 

ii^^i + ^^2 = 150 watts 

If the two circuits are wound with wire, so that the current density 
in them is the same, we have — 

iiVi = 1*2^2 = 75 watts (4) 

and — 

— = — = 160 amperes per square centimetre 
working at about 1000 amperes per square inch, therefore — 

^'-160 

= 0*0625 square centimetre .... (5) 
and — 

era = -^ — H^ 
^ 160 ^ ^^ 

= 0*625 square centimetre .... (6) 
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Again, from oqtiation (4) we get the resistances of the two circuits 
to be — 

_ 75 

= 0-75 ohm, nearly (7) 

- -1^ 

^2 - 1002 

= 00075 ohm, nearly (8) 

Also taking /o = 16 x 10"^, we have, by (1) — 

(TlTi 



h = 



that is — 



0-0625 X 0-75 x 10^ 



"" 16 

= 29297 centimetres, nearly ... (9) 



and 



7 <T2^'2 

h = 

_ 0-625 X 0-0075 ^lO;^ 

"" 16 

= 0*2930 centimetre, nearly . . . (10) 

We shall have to leave the determination of the number of 
primary, Ifi, and secondary, N2, turns until the dimensions of the 
iron core have been found. 

Summarizing the items already determined, we have — 

ii = 10 amperes 

?2 = 100 amperes 

ffi = 0*0625 square centimetre 

(72 = 0*625 square centimetre 

h = 29297 centimetres 

I2 — 2930 centimetres 

n = 0*75 ohm 

ra = 0*0075 ohm. 

68. Iron CiPCUit* — The dimensions of the iron circuit 
are determined from the assumed iron losses. 
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Let A be the cross-sectional area of the core in square centi- 
metres, and L the mean length of the magnetic path, so that — 

AL = approximate volume of iron core in cubic centimetres 

The iron losses are due to hysteresis and eddy currents. If 
the core is built up of soft annealed iron stampings, the hysteresis 
loss can be found from Table II., Chap. X., and § 62. The 
maximum induction was taken to be 2500 lines per square centi- 
metre ; hence the ergs lost per cycle per cubic centimetre are 600. 

With a frequency of 50 complete cycles per second, this gives 
the loss in watts per cubic centimetre to be — 

, _ 600 X 50 

= 0-003 watts ...:.. (11) 

The watts lost per cubic centimetre due to eddy currents are 
calculated from the formula (see Chap. XI*. § 61) — 

h' = ly^n^^ X 10-i« 

where b is the thickness of the stampings in mils. 

Suppose that 6 = 15 mils., then in the present case — 



h' = 152 X 502 ^ 2500^ X 10-i« 

= 0*00035 watts (12) 

The total iron loss in watts per cubic centimetre is, therefore, 
given by — 

= 0-00335 watts (13) 

Since the total iron loss is 150 watts, the volume of the core 
is given by — 

150 



r = 



that is- 



0-00335 
= 44776 cubic centimetres 

^Z = 44776 (14) 



where A is the cross-sectional area of the core, and L is the mean 
length of the magnetic path. 

As the insulation between the stampings will occupy 10 or 15 

I 
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per cent, of the whole volume, V should be correspondingly 
increased to about 51493 cubic centimetres. 
Now — 



Tj\ = -7=- 

\/2 



— X maximum value of — 
10» dt 



AN i X 2TrnB 
IOV2 



therefore — 



ANi = 



y/2irnB 

10« X 1000 



\/2 X TT X 50 X 2500 
= 180000, nearly (15) 

Suppose, now, that the primary circuit is wound with 230 turns 
and the secondary circuit with approximately 23 turns. The 
primary coil will be wound with the equivalent of No. 10 S.W.G. 
wire, and will have an area, when double cotton-covered, of about 
00177 square inch. The secondary wire wiU be equivalent to 
No. 3/0 S.W.G. , and will, including insulation, have an area of 
about 0126 square inch. 

The primary coil will, therefore, require a winding space of 
about 5*175 square inches, and the secondary coil a winding space 
of about 3*68 square inch. 

Thus the total winding space required for the two coils is 

9 square inches, or, allow- 
ing 25 per cent, for insu- 
lation between the two coils 
and between different layers 
of the primary, we may 
take the winding space re- 
quired to be 11*25 square 
inches, or 73 square centi- 
metres. 

Suppose, now, that we 

select a transformer of the 

Mordey type (see Fig. 39) in which the width, DC, bears to the 

depth, CB, the ratio of 3 : 2. The length, DE, may be altered 

to suit the circumstances of the case. 




Fio. 39. 
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If DC = &Xy and DA = 4z;, then the winding space is (see 
Fig. 39)— 

whence x = 4*27 centimetres. This would give too small a cooling 
surface, so we take x = 6*5. 

Now, from equation (15) we get — 

-^ — 230 

= 281*4 square centimetres .... (16) 

therefore the length DE of the transformer is — 

■^1%^ centimetres 
or — 

60 centimetres 

-Again, the resistance of the secondary coil is 0075 ohm; 
therefore the drop of volts due to secondary resistance from no- 
load to full-load is 0*75 volt ; an extra turn on the secondary will 
more than compensate for this. 

We have hitherto assumed that the primary applied P.D. and 
the primary counter E.M.F. are the same, because it is the ratio of 
the primary counter E.M.F. to the secondary induced E.M.F., that 
is the same as the ratio of the turns. The drop of volts in the 
primary coil itself is — 

0-75 X 10 = 7-5 volts 

that is, 0*75 per cent., so that, neglecting magnetic leakage, the 
secondary induced E.M.F. is given by — 

4^0^ X 992-5 = 99-25 volts 

Taking into account the drop of volts in the secondary coil 
itself, the secondary terminal P.D. is, neglecting leakage, 98*5 volts ; 
and allowing 2 per cent, for magnetic leakage between the primary 
and secondary coils, the secondary terminal P.D. becomes 96*5 
volts. If we put 24 turns on the secondary, the terminal P.D. 
becomes 103. 

69. The next step is to calculate the primary current on open 
secondaiy circuit. This is — 

ii = V + ^* 
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where i^ is the magnetizing wattless component, and i^ is the 
hysteretic energy component. 

The component i^ is determined as follows. We have — 

where /ic is the permeability of the iron core, and H is the mag- 
netizing force. Also — 

v/2 " 10 • L 

where i^ is the RM.S. value of the wattless component, and H the 
maximum value of the magnetizing force. Therefore — 






BL 



'^~176/iiVi 

Substituting the values B = 2500, Z = 65, N =^ 230, and 
/i = 2390, we get— 

. 25 00 X 65 

^'^ " i-76 "x 2390 X 400 

= 0167 ampere (17) 

Also, i^ is calculated from the fact that the primary impressed P.D. 
multiplied by u is' equal to the total iron loss, so that — 

lOOOi, = 150 

4 = 015 (18) 

Now, i^ and t* are in quadrature ; therefore — 

i = V/0T52 + OI672 
= 0-225 ampere (19) 

The power factor on open secondary circuit is given by — 

cos 6 = ^ 

_ ^15 

" 0-225 

= 0-67 . * (20) 

To find the watts lost by radiation and conduction of heat per 
square inch of cooling surface at no-load and full-load respectively. 
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The surface of the transformer is — 

= 9700 square centimetres 
= 1497 square inches 

At no-load the number of watts lost per square inch of surface 
is — 

i\%\ = 0-1 

and at full-load — 

im = 0-2 

which would be sufficiently small. 

Actual tests show that a cooling surface of 2000 square centi- 
metres allows a rise of temperature, under normal conditions, of 
1° C. per watt dissipated in the transformers. The rise of tem- 
perature in the present case will, therefore, not exceed — 

300 X |?gg 
= 62° C. 

* 

This, in fact, will be somewhat in excess of the truth, since, owing 
to the shape of the windings, the cooling surface will be greater 
than 9700 square centimetres. 

The total volume of iron in the transformer is, by reference to 
Fig. 39, seen to be — 

= 50700 cubic centimetres . . . . (21) 

This gives a loss of only 0*003 watts per cubic centimetre, 
which is a liberal allowance of iron. 

To find the weight per kilowatt of the transformer. 

Since iron weighs 017 lb. per cubic centimetre, the weight of 
iron is about 862 lbs. 

Also the weight of copper is 80 lbs. 

Thus the weight of the transformer per kilowatt of output is — 

-»/o^ = 94-2 lbs. per kilowatt 



Effects of Magnetic Leakage. 

70. If there is no magnetic leakage, the square of the coeffici- 
ent of mutual induction of the primary and secondary coils is 
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equal to the product of their respective coefficients of self-induc- 
tion. That is — 

or — 

As, however, there is always some leakage, we may write — 

Jlf=(l- A)\/Zira 

where X is less than unity, and is a measure of the leakage. 

Leakage causes, then, a diminution of the mutual induction, 
and, consequently, a drop in the induced secondary E.M.F. At 
the same time, it causes an increase in the equivalent self-induc- 
tion of the primary circuit (see § 60, Chap. XI.). Now, it is the 
equivalent self-induction of the primary circuit which causes the 
primary current to lag behind the applied P.D., and, consequently, 
produces a larger primaiy current than corresponds to the secondary 
current in the ratio of their respective turns. 

The principal effects of magnetic leakage are, therefore — 

(1) The production of an excessive wattless primary current. 

(2) A consequent increase in the primary copper loss. 

(3) An increased drop of the secondary terminal P.D. 

(4) A diminution in the efficiency of the transformer, owing to 
the increased primary copper loss. 



Core Laminations. 

71. We have seen (see § 61, Chap. XI.) that the loss in the 
core of a transformer, due to eddy currents, is proportional to the 
square of the thickness of the core .stampings. This would make 
it appear that the thinner the stampings the better would be the 
results obtained. 

So far as eddy-current losses alone are concerned, this is 
correct ; but there are other considerations which impose a minimum 
thickness of the plates. Suppose that with stampings 18 mils, 
thick the insulation between the stampings occupied 15 per cent, 
of the whole volume of the core; then, with the same kind of 
insulation and stampings 9 mils, thick, the insulation would 
occupy about 26*1 per cent, of the volume of the core, and so, by 
making the stampings thinner and thinner, the ratio of the volume 
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of insulation to that of iron becomes greater and greater, and for 
a given volume, the magnetic flux through the core less and less. 

On the other hand, there is an upper limit to the thickness of 
the stampings, for when iron is subjected to an alternating magne- 
tizing force, the induced currents only penetrate to a depth 
depending upon the permeability, the frequency, and the specific 
resistance. This is known as the "skin" effect, and it can be 
shown mathematically^ that we may take as a measure of the 
thickness of the *' skin," the expression — 



v/ 



where o is the specific resistance of the iron, /i its permeability, 
and^ is 27r times the frequency. 

If /x = 1000, and the frequency is 100 periods per second, the 
skin for soft iron is about half a millimetre thick, and for a 
frequency of 50 periods the skin is about O? millimetre, or 
about 27*3 mils, thick. Thus, unless the laminations are less than 
27*3 mils., they produce no beneficial effect. 



Methods of testing Transformers. 

72. There are several methods of testing transformers for 
efl&ciency, each of which has its advantages in special cases. In 
each method the watts given to the primary circuit and taken 
from the secondary circuit at various loads are measured or 
calculated, and the efficiency determined as the ratio of the out- 
put to the input. 

73. First Method (Wattmeter).— Suppose that we 
have at our disposal the transformer whose efficiency is to be 
determined, an alternator,, or some source, capable of supplying 
ppwer to the transformer from no-load to full-load, an alternating- 
current ammeter and voltmeter, a wattmeter, and a set of non- 
inductive resistances, with switches and connecting cable. 

The terminals of the alternator should be connected through 
a resistance to the primary terminals of the transformer. The 
object of this resistance is merely to prevent an abnormal rush of 

^ See '* Recent Besearchos in Eleotrioity and lifagnetism/' J. J. Thomson, 
Clarendon Press. First edition, 1893, p. 281. 
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current at the moment of switching the alternator on to the trans- 
former^ which may occur if the residual magnetism in the core 
happens to be in the same direction as the magnetizing force due 
to the first current wave. In this case the E.M.F. of self-induc- 
tion of the primary would at first be comparatively small, and 
unless the precaution is taken of inserting a starting resistance the 
first rush of current, although not likely to injure the transformer, 
may be large enough to blow any fuses in the circuit or damage 
the current-measuring instruments. Before taking any readings, 
the starting resistance is, of course, cut out. 

In the primary circuit must be placed a wattmeter, W (see 
Fig. 40), the fine-wire coil of which is connected across the 
primary terminals of the transformer, T, while the thick coil is 
placed in series with the primary of T, and carries the main 
current from the alternator B. The secondary circuit of the 

transformer is closed 
through an ammeter, A, 
and a non-inductive 
variable resistance, B, 
and a voltmeter, F", is 
placed across the se- 
condary terminals. S is 
the starting resistance 
in the primary circuit. 
The primary current will not, in general, coincide in phase 
with the primary PD ; hence the necessity of using a wattmeter 
to measure the input. 

The secondary current will coincide in phase with the secondary 
terminal PD, since the load is non-inductive, so that the pro- 
duct of the ammeter and voltmeter readings gives the output in 
watts. 

Let the reading of the wattmeter when the transformer is at the 
given load = w watts, and let the readings of the ammeter and 
voltmeter be i amperes and v volts respectively. 
The efficiency, v, is then given by — 




FiQ. 40. 



Ti = 



tv 
w 



By altering the resistance in the secondary external circuit 
the efficiency at any load may be determined. 
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The ammeter and voltmeter in the secondary circuit might, 
of course, be replaced by a wattmeter if desired ; and any system 
of instruments which would give the true input of the transformer 
might replace the wattmeter in the primary circuit. 

74. Second Method. — In the first method it is assumed 
that an alternator is at hand which is capable of supplying power 
to the transformer when working on full-load. If the transformer 
is a large one, and if the alternators at disposal are of insufficient 
capacity to supply the transformer at full-load, other methods of 
determining the efficiency must be adopted. 

The output of the transformer at any load is the difference 
between the input and the losses. These losses consist of (1) 
hysteresis loss, (2) eddy-current loss, and (3) copper (iV) losses in 
both primary and secondary circuits. The iron losses are practi- 
cally the input of the transformer on open secondary circuit ; and 
the copper losses can be calculated for any assumed, load, and 
hence the efficiency corresponding to that load may be determined. 

Let W be the iron losses. 

n the primary resistance. 

^2 the secondary internal resistance. 

ii the primary current corresponding to the assumed 

output. 
i^ the corresponding secondary output. 
w the assumed output in watts. 
ri the efficiency. 

Then- 
output 



ri = 



output + losses 
w 



The copper losses on open secondary circuit are so small that 
they may be neglected. We may, therefore, determine W by 
placing a wattmeter in the primary circuit when the secondary 
circuit is open. 

The next step is to measure, by means of a Wheatstone's bridge 
(or otherwise), the resistances n and r^ of the two coils, correcting 
for the temperature corresponding to the load. 

By giving the assumed values to w, the efficiency at any out- 
put may be calculated. 



122 TREATISE ON ALTERNATING CURRENTS. 

76. ThlPd Method.— This jnethod, due to Mr. Mordey, 
consists in running the transformer at the load at which it is to be 
tested until its temperature, as determined by a thermometer 
placed inside it, is constant. The alternating current is now re- 
placed by a steady current, having such a value as to maintain the 
same steady temperature. The total losses are then given by the 
product of the steady current in amperes and the volts between 
the terminals of the transformer. 

76. Fourth Method. — This is a method by which the 
efficiency can be determined by calculation from a knowledge of 
the primary E.M.S., applied P.D., the resistances of the primary 
and secondary windings, the frequency, the dimensions of the 
core, the thickness of the core stampings, and the number of turns 
on the primary coil. 

The resistances of the coils may be calculated by detennimng 
the lengths and cross-sections of the wire composing the two coils 
respectively. 

Calculation of Hysteresis Loss. 

77* To calculate the hysteresis loss, we must first determine 
the maximum induction in the core, and then refer to Table IV., 
Chap. XL, giving the loss in watts per cubic centimetre at that 
induction. 

Let e be the E.M.S. applied primary P.D. 
A the cross-section of the core. 
N\ the number of primary turns. 
B the maximum induction. 
n the frequency. 



Then— 



- lirnANxB , 

e^l = — 3;q8 — very nearly 



since this gives the counter E.M.F. in the primary circuit; 
therefore — 



5 = 



y/^ttuNxA 



Substituting the known values of ^, ?i, iV, and A, we obtain the 
value of B, Referring now to Table IV., Chap. XL, we find the 
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corresponding hysteresis loss in watts per cubic centimetre, and 
multiplying this by the volume of the core in cubic centimetres, 
the total hysteresis is determined. 

The eddy currents can be calculated from the formula — 



*• = (s 



y) 



(see § 61, Chap. XI.), and the copper losses can be calculated for 
any assumed output on calculating the resistances of the two 
circuits. We then have — 

assumed output 



assumed output + total losses 

We note that the iron losses per cubic centimetre may be written 
(see§§ 59 and 61)— 



H = hnB^ 



JmB\^ 



•6 . (^^^\ 
^VlOV 



k being a constant. 

Now, if the applied primary P.D. is constant, the product nB 
is constant ; therefore we have — 

^ _ MnBY^ V'inBf 

where P and Q are constants, if e is constant. 

Thus we see that the iron losses diminish as the frequency 
increases. 



Eegulation of Transformers. 

78. One of the most essential features of a good transformer 
is that the secondary terminal P.D. should remain constant, as the 
secondary load varies. 

The causes which tend to bad regulation are (1) large primary 
magnetizing current, (2) magnetic leakage, and (3) large secondary 
internal resistance. 

The first and second are minimized by working at low induction 
densities, and by having closed magnetic circuits. In modern trans- 
formers there is very little leakage, owing to the fact that there is 
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less tendency to leakage when the magnetic circuit is closed ; also 
by winding the primary and secondary circuits in sections placed 
alternately side by side the difficulty is to a great extent overcome. 
To test the regulation of a transformer the terminal secondary 
voltage should be taken at all loads from no-load to full-load, the 
primary terminal P.D. being kept constant. 



Insulation Tests. 

79. Having tested the eflBciency and regulation of a trans- 
former, the next step is to test its insulation. 

The primary coil should be well insulated from the secondary. 
To test the quality of the insulation between the two coils requires 
more than the ordinary measurements for the determination of 
insulation resistance. The insulation should first be determined 
by any of the known methods, and then the transformer should 
be run continuously for two or three hours, with twice or three 
times the voltage for which it is intended, and then insulation 
resistance should be determined again. If the insulation has in 
no way suffered, the test may be considered satisfactory. 



Temperature Test. 

80. It is of great importance that a transformer should remain 
sufficiently cool even if working continuously on full-load. If 
the temperature exceeds about 60° C, there is danger of the 
insulation being damaged. 

Before a transformer is passed as satisfactory it should, there- 
fore, be run continuously at full-load for some hours, and tempera- 
ture readings taken at regular intervals of time by means of 
thermometers inserted into it at different places. When the readings 
indicate that the temperature is stationary, the thermometers 
should not register more than 60° C. 

The stationary temperature depends upon the size and con- 
struction of the transformer. A small transformer has a greater 
cooling surface per watt of output than a large one. There is, as 
a rule, no danger of overheating small transformers by simply 
running continuously at full-load. With large transformers, 
however, special devices have frequently to be employed to get 
rid of the heat, e.g. immersion in oil. 
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PROBLEMS ON CHAPTER XII. 

1. Calculate the lengths, cross-sections, and resistances of the primary and 
secondary windings of a transformer whose output is 50 kilowatts, the trans- 
formation ratio being 2000 to 100 volts, the copper losses 1*25 per cent, of the 
output, and the current density being 150 amperes per square centimetre. 

Anstvers, l^ = 52,188 cms. ; o-i = 0*167 sq. cm. ; r^ = 0*5 ohm 

Zg = 26,039 cms. ; <r^ = 3-333 sq. cms. ; r^ - 00125 ohm 

2. If the frequency is 50 cycles per second, and the induction 3500 lines 
per square centimetre, and the rest being the same as in Question 1, complete 
the design as a transformer of the Mordey type, and calculate the full-load 
efficiency. 

3. Calculate the lengths, cross-sections, and resistances of the primary and 
secondary windings of a transformer whose output is 10 kilowatts, the transfor- 
mation ratio being 500 to 200 volts, the copper loss 4 per cent, of the output, 
and the current density being 150 amperes per square centimetre; 

Answer, Z^ = 41,667 cms. ; o-j = 0*133 sq. cm. ; r^ = 0*5 ohm 
Zg = 16,667 cms. ; a-^ = 0*333 sq. cm. ; r^ = 0*08 ohm 

4. If the frequency is 80 cycles per second, and the induction 4000 lines 
per square centimetre, and the rest the same as in Question 3, what is the total 
weight of the transformer, the iron losses being 5 per cent, of the output, and 
the thickness of the stampings 15 mils.? 

Answer, 913 lbs. 



CHAPTER XIII. 

Synchronous Motors — Method of synchronizing a Power Plant consisting of 
Generator and Motor — ^Armature Reaction — Stability of Plant. 

Synchronous Motors. 

81* Just as a direct-current generator can be driven as a motor by 
applying a continuous P.D. between its terminals, so can an alter- 
nator, if its field is separately excited, and a suitable alternating 
P.D. be applied between its armature terminals. 

Suppose that the field of an alternator is excited by a direct 
current in such a way that its poles are alternately north and 
south, and suppose an alternating current is sent through its arma- 
ture coils so that each armature pole is for one half-period of the 
current a north pole, and for the next half-period a south pole. It 
is easily seen that there will be impulses on the armature tending 
to drive it first in one direction and then in the other, so that if the 
armature is initially at rest, no motion at all will take place. But 
suppose that a motion is mechanically given to the armature, so 
that in half a period of the alternating current an armature pole 
passes from one field pole to the next, then the impulses due to 
the reaction between field and armature will always tend to drive 
the armature in the same direction, and motion will continue so 
long as no external influence causes the armature to revolve at a 
different rate. 

An alternator driven as a motor can therefore only run at one 
fixed speedy depending upon the periodicity of the current 
which drives it. On this account, such a machine is called a 
Synchponous Motor, since it will only run at that 
particular speed which corresponds to synchronism with the 
alternating current which drives it. 
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On starting such a motor, the armature current is not switched 
on until the speed corresponding to synchronism is attained by 
some other means. 

82. Any piece of apparatus which is used to indicate when 
synchronism is attained is called a SynchPOnlzeP. 

Let M (Fig. 36) be the motor, and D the distant alternator ; 
let F be a hot-wire or electrostatic voltmeter, and, when working 
at high voltages, let iZ be a high resistance ; and let the connec- 
tions be as represented in the 
diagram before the alternating 
current is sent round the motor 
armature. When the motor 
and generator are not in syn- 
chronism, the P.D. between 
the terminals of the voltmeter 
will oscillate with a rapidity 
equal to the difiference of the frequencies of the E.M.r.s of 
generator and motor; and the voltmeter needle will oscillate 
accordingly. The oscillations will become slower and slower 
as the speeds approach synchronism; and when synchronism 
is exactly attained, the needle will be steady, and will have a 
minimum deflection. Incandescent lamps, or a gold-leaf electro- 
scope, make good synchronizers, and might replace the voltmeter. 
The above method of obtaining synchronism is obviously applic- 
able to the general case of any two alternating-current machines, 
whether both generators, or one a generator and the other a motor. 

83. We now pass on to the following theory of the synchro- 
nous motor, due to the author.^ 

We consider the case of an alternating- current machine whose 
field is separately excited by a direct curreiit, while a simple 
alternating current passes round the armature. 

Let w = output of motor in watts. 

i = E.M.S. value of armature current. 

r = resistance of armature. 
JE = E.M.S. P.D. impressed between motor terminals. 

e = E.M.S. Counter E.M.F. of motor. 
L = coefficient of self-induction of armature. 

n = frequency of armature current. 

^ Philosophical Magazine and Electrical Review, vol. 36, Nob. 905, 913; vol. 37, 
Nob. 919, 924, 926. 929, 934, 938 ; and vol. 38, Nos. 949, 974. 
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I = impedance of armature = \/{i^ + {2irnL)^}. 
S = reactance of armature = 2ir7iZ. 

i// = phase difference between t and E. 

» 

Then the input = w + i^r 

and also s z J? cos \p 

therefore — 

ti? + i«r = tJ? cos i// (1) 

Solving this equation for i, we get — 

i = ^^ ± ^VW^^^J^^^ (2) 

Since «' is always real, we must have — 

E^ cos* 1^ greater than, or equal to, iwr 
therefore the maximum output is given by — 

This occurs when ;// = ; that is, when the current is in phase 
with the impressed P.D. 

The current corresponding to maximum output is then seen 
to be — 

* = f. <^) 

To obtain the corresponding value of e we proceed as follows : — 
There are three E.M.F.s — e, E, and Si — which have a resultant 
ri. Of these j& is in phase with e, whilst Si is at right angles 
to it, and e differs in phase with i by an angle 0. The components 
of e along and at right angles to i are— 6 cos and e sin ; there- 
fore we must have — 

-K — e cos = ri 
and — 

^ sin = Si 

But when the output is a maximum — 

E = 2ri 

therefore — 

e cos ^ = ri 
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whence — 



= Ii 
_IE 

- 2r • ' • 



(5) 



Thus at maximum output we have 

~ 4r 
E 
* = 2r 
IE 
2r 



e = 



(6) 



It follows that e is greater than, equal to, or less than E, accord- 
ing as / is greater than, equal 
to, or less than 2r; that is, 
the P.D. impressed between 
the motor terminals need 
not necessarily be greater 
than the counter E.M.F. 
developed by the motor. 

A graphic representation of the general phase relationships is 
given in Fig. 42. In the case of maximum output ;/* is zero. 




Fia. 42. 



Light Load. 

84* In the case of the motor running on light load, we may, 
if we neglect the friction of the bearings, etc , put f(; = 0, so that 

by (1)- 

t^r = iE cos t// 
and — 



ie cos ^ = 



This shows that- 



 =±? 



Also the maximum current at light load is (putting i/^ = 0) given 
by- 

" (7, 






T 



K 



130 TREATISE ON ALTERNATING CURRENTS. 

which is doable the current corresponding to the maximum 
output. 

The corresponding value of the counter E.M.F. may be shown 
to be— 



e=±^ (8) 



Minimum Current at Given Power. 

85« Taking the equation — 

w + i^ =:iE cos \p 

di 
and equating -: to zero, we see that, whatever be the output of the 

motor, the current is a minimum (for that output) when \p = 0, 
that is, when the current is in phase with the impressed P.D. 

Fundamental Equation of Synchronous Motor. 

86« With notation as above, p. 127, we have — 

w =^ie cos 
and — 

jpa = e2 + /v _ 2eli cos (^ - 0) (From Fig. 42, p. 128.) 
Also — 

cos = ^ ; am if =^ J 

therefore — 

^ - ^2 - /2t2 - 2nv = ± 25'v/iV - w^ • . (9) 

This equation is called by Steinmetz the " fundamental equa- 
tion." For a given output and applied P.D. this equation gives 
the relation between the current and the counter E.M.F. It is, in 
fact, the equation to the characteristic curve of the machine. 

Plant consisting of an Alternator and Synchronous 

Motor. 

87. The above fundamental equation obviously retains the 
same form if JS represents the E.M.F. of the generator, r the total 
resistance, and / the total impedance of the two armatures and 
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line of a plant consisting of a simple alternating-current generator 
and a synchronous motor, S now representing the total reactance 
of the system. 

Let L be the sum of the self-inductions of the two armatures 
and line, so that S = 27mL. 

The E.M.F., ri, which drives the current is the resultant of 
£, e, and Si, so that £, e, Si, with ri reversed, form a system of 
E.M.F,s in equilibrium. 

In Fig. 43 let the positive direction of rotation be counter- 
clockwise, and let Oi be 
the direction of the cur- 
rent. The instantaneous 
value of the current 
does not concern us at 
present. 

Take OH! equal to 
ri reversed, and, conse- 
quently, opposing the 
current ; let OS = Si, 
lagging behind the cur- 
rent by a quarter of a 

period. The resultant, OT o{ OR and OS', must then be equal, and 
opposite to the resultant of E and e. If, therefore, we produce 
TO to T, and make OT = OT, OT will represent in magnitude 
and direction the resultant of E and e. If, now, we are given the 
magnitudes of E and e, we can find their directions by the paral- 
lelogram law. Now, two parallelograms can be constructed, having 
OjT as diagonal, and ^, c as adjacent sides ; but, since E is the 
E.M.F. of the generator, we take that which gives the component 
of E along Oi in the same sense as the current. 

The other parallelogram would make e the E.M.F. of the 
generator. We may notice that the possibility of constructing 
these two parallelograms proves that, in general, either of two 
alternating-current machines may be driven as a motor by the 
other, irrespective of the magnitudes of their relative E.M.F.S. 




Fig. 43. 



Let now — 



and — 



angle iOE = ;// 
angle iOT = 

angle iOe = ^ 
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Draw through T the hue PSTQ parallel to the line of current, 
and draw PM, SO, TB, and QN through e, 0, T, and Q respectively, 
at right angles to the line of current. We then have — 

tan = -. = - = .... (10) 

that is, is independent of the current, and OT is a fixed direction 
relative to Oi, so long as the speeds of the machines are kept 
constant, and Z is considered constant. 

In Fig. 43, OS (or PM) [= 2irnL{] is proportional to the 
current u 

OM is the component of e directly opposing i. OB, is the 
E.M.F. required to overcome resistance, and ON is the component 
of E in the direction of i ; hence rectangle PSOM is proportional 
to the output of the motor {w). 

The rectangle OSTIl is proportional to the iV losses, and the 
rectangle OSQN is proportional to the output \iE cos yf] of the 
generator. 

From this and the equation — 

w + iV = iE cos \^ 

it follows that the eflBciency of transformation — 

_0M _0M 
'^ ON" MB 

If the output of the motor is kept constant, we have — 

rectangle PSOM = constant 

and the locus of P is a rectangular hyperbola having OM and OS 
as asymptotes (Fig. 44). 

Take any point P on this hyperbola. We have seen that OT 
has a fixed direction relative to Oi ; and the point T (Fig. 44) on 
this direction is found by drawing through P a line parallel to Oi, 
Again, e lies on the line through P parallel to OS, and eT=: E ia 
magnitude. Let the E.M.F. of the generator be kept constant and 
equal to E, With centre T, and radius E, describe a circle cutting 
PM in e and e' ; then the corresponding counter E.M.F. of the 
motor may be either Oe or Oe', and the current is represented in 
magnitude by PM; that is, corresponding to given values of E and 
i, there are two values of e. The relative phases in the two cases 
are shown in the parallelograms OeTE and Oe'TEi (Fig. 44). 
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To find the point P on the hyperbola corresponding to mini- 
mum current, we have to bring the points e and e' into coincidence. 
The point P is obviously got by taking 0E\ equal to E^ and 
through E\ drawing E\P parallel to OT. 

The resulting parallelogram OPTiEi shows that the generator 
E.M.F. is in phase with the current. 

Suppose, now, that the generator field is kept constant, while 
that of the motor is varied. 

When the motor field is small, as e,g. Oe (Fig. 44), we see 




Fig. 44. 

that the current leads before the motor E.M.F., and lags behind 
the generator E.M.F. 

When e exactly opposes i, the latter lags behind E, 

When E and i are in phase (minimum current), i lags behind e. 

When e is still further increased, as eg. Oe\ i leads before E, 
and lags behind e. 

We see, therefore, that by properly adjusting the excitation of 
the field of the motor, the current may be in phase with, or may 
lead before, or lag behind, either generator or motor E.M.F.s. 
This is a point which should be borne in mind, as it has an 
important bearing on the regulation of a power- transmission plant. 
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Armature Beaction. 

88* We have hitherto supposed that the E.M.F. of the 
generator, and the counter RM.F. of the motor, are due simply 
to the exciting current which passes round their respective field 
coUs, or that the excitations of the fields are fixed by the field 
currenta Now, this is not quite true, since the magnetization of 
the fields depends upon all the magnetizing forces in the neigh- 
bourhood, and consequently upon the combined effects of the 
currents in both field and armature coils. 

The effect of the armature current in modifying the field is 

usually called apmatupe peaction. 

The whole question of armature reaction turns upon the phase 
relationships of the current and the E.M.F.S of generator and 




Fio. 45. 



motor. Our investigation will include both generator and motor, 
because both questions are of importance when the whole plant 
is taken into consideration. 

Let Fig. 45 be a diagrammatic representation of an alternating- 
current machine running as a generator, the direction of rotation 
being clockwise. If the armature is wound as in figure, the E.M.F. 
will be a maximum when each armature coil is midway between 
two consecutive field poles, since the number of lines of force of 
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the field which thread through the armature coil is then a 
minimum, and the rate of cutting lines of force is a maximum. 

If the current is in phase with the E.M.F., it is evident that 
the average armature reaction is zero, because the current then 
attains its maximum value when the coil is midway between two 
consecutive field-coils, and (the rotation of the armature being 
clockwise) whatever effect an armature pole, A (see Fig. 45), has 
on a field pole, S, as it recedes from it, there will be an equal but 
opposite effect on the consecutive pole, N, on its approach. The 
same would be true if the diflference of phase between E.M.F. and 
current were 180°, as might be the case if the machine were 
running as a motor. Thus, in the case of a generator, the average 
armature reaction is zero if the E.M.F. and armature current are 
in phase, and in the case of a motor, if the counter E.M.F. and 
current are in exact opposition. 

Now suppose the machine running as a generator and that the 
current and E.M.F. are not in phase, but that the former leads over 
the latter by some angle (less than 180°). Consider the same poles 
in Fig. 45. The current in the coil A will now attain its maximum 
value before it reaches the position midway between S and JN, so 
that the effect of the current in A on the pole S will be greater 
in magnitude than its (opposite) effect on iV. But the lines of 
force due to the field current pass through the armature in the 
direction N to S, as shown by the dotted lines in the figure, aud 
the lines of force due to the armature current are in the direction 
from armature to field, from A to S; thus the effect of the current 
in ^, as ^ passes from S to iV, is to strengthen the pole S, and 
weaken the pole N, but to a less extent; therefore the average 
effect of the leading current is to strengthen the field. By similar 
reasoning we may show that a lagging current weakens the field 
when the machine is running as a generator. 

If the machine were running as a motor, the armature current 
at any instant would flow in opposition to the counter E.M.F., so 
that the tendency of the current in A would be to weaken the 
pole S and strengthen the pole N, and the average effect of a lead- 
ing armature current is to weaken the field of a motor. Similarly 
the average effect of a lagging armature current is to strengthen 
the field of a motor. 

We have now proved that the field of a g^enepatOP is 
StPens^thened when the current leads before its E.M.F., 
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and weakened when the current lagB ; and that the field of 
a motOP is ixreakened when the current leads before its 
counter E.M.F., and StPeng^hened when the current lagB. 

89* Beferring to Fig. 44, we conclude that when the excita- 
tion of the motor field is small, armature reaction weakens the 
field of both generator and. motor, and when the motor is over- 
excited both machines have their fields strengthened. When work- 
ing at minimum current, armature reaction strengthens the motor 
field, and does not affect the field of the generator. When the 
field of the motor is unaffected, the generator field is weakened. 

90« In ordinary working conditions, it is usual to excite the 
field of the motor to a somewhat greater extent than is required 
to obtain minimum armature current; for, though the iV losses 
are a minimum and the efficiency a maximum when the current 
is a minimum, it is advisable to increase the counter E.M.F. to 
a certain extent in order to cope with accidental variations of the 
load. Under ordinary working conditions, therefore, the effect of 
armature reaction is to strengthen the field of the motor and also 
of the generator, but to a less extent. 

91. We now proceed to obtain an expression for the alteration, 
in ampere turns, of the field excitation due to armature reaction. 

Let ^ be the displacement of phase of the current over the 
E.M.F. of the machine; N the number of turns of wire in one 
section of the armature; i the E.M.S. armature current; A the 
mean value of the CUPPent through an angle ^ on each 
side of its maximum value ; and f o sin pt the instantaneous value 
of the current. 

The mean alteration of the field excitation in ampere turns is 
then — 

'^ (ID 

where ^ is expressed in circular measure. 
But— 




in . \/2i . ,^^-^ . 

= " sm <p = sm . . . . (12) 
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since — 

Iq = \/2i 

The required expression for the change of ampere turns is 
therefore — 

2N6 \/2i . 
— - . sm 

TT ^ 

2\/2 

= iiV sin (p = 0'9iN sin 0, nearly . . (13) 

w 

To find the total excitation of the field, we must add expression 
(13) to, or subtract it from, the ampere turns on the field, accord- 
ing as the current leads or lags in a generator, and lags or leads in 
a motor. 

Stability of a Plant consisting of an Alternating-current 

Generator and a Synchronous Motor. 

92. The plant is said to be working in a condition of stability 
if, for a small increase or diminution of the output of the motor, or 
for a small increase or diminution of the E.M.F.s of generator or 
motor, it will continue to work. 

We shall suppose the E.M.F. of the generator on open circuit 
to remain constant, so that the question of stability will involve 
two distinct problems. (1) Given the E.M.F.S of generator and 
motor* and the resistance, etc., of the complete circuit consisting of 
the two armatures and line, when will a breakdown occur if the. 
load on the motor is varied ? and (2), given the E.M.F. of the 
generator, the output of the motor, and the resistance, etc., of the 
complete circuit, between what limits may the counter E.M.F. of 
the motor be varied without a breakdown occurring ? 

The fundamental equation has been obtained in the form — 

^2 . g2 _ 73^2 _ 2rw = ± 2/SrvW^^^2 

If JS, r, Sy and w are given, this equation gives a relation 
between the current i and the counter E.M.F. e of the motor. We 
can, therefore, plot a curve with values of e for ordinates, and cor- 
responding values of i for abscissae ; and by giving different values 
to Wy a series of such curves will be obtained. We may call them 
chapactepistic cupvesu A series of characteristic curves 
is given in Fig. 46. 
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The fundamental equation is of the fourth degi'ee in e and i, 
and is symmetrical with respect to the axes (since e and i occur 
with even exponents only). 

The curves in the first and thiid quadrants represent the con- 
dition of affairs when the machine is running as a generator, since 




Fio. 46. 

in these quadrants e and i have always the same sign. In the 
second and fourth quadrants the machine is running as a motor. 
The symmetry of the curves renders a detailed consideration of the 
second quadrant sufficient. 

By squaring and transposing the fundamental equation, we can 
put it in the form — 

7*i* - 2(/2J^2 _ /2g2 . 2r/«ir + 2>S V)i2 + (^ - ^2 - 2 w)2 4- 4fif^ 

Solving this as a quadratic equation in i^, we get — 



i2 = 



/2j&2 _ 72g2 _ 2rPw + 25rV 



± p>/{{PE^ - /V - 2rPw + 2aS'V)2 - I\{E'^ - 6^ - 2ndf 

+ 4/S^2j] (14) 

Now, i must be real, therefore i^ must be real and positive. 
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This gives us as a first condition that the quantity under the 
square root must be positive, or, in the limit, zero. That is — 

{PE^ - 72^3 - 2rPw + 2aS V)2 is greater than or equal to 

I\{E^ - 6^ - 2rwf + 4fi'W] 

Since — 

P = 7^ + S^ 

this reduces to — 

P^E^ is greater than or equal to r^e* + 2IHw^ + Pv? 

or, taking the square root of both sides — 

leE is greater than or equal to r^ + Pw . . (15) 

The limiting values of e, for any given output, w, are therefore 
given by the equation — 

re^-^ IeE+I^=:0 (16) 

provided, at the same time, the condition — 

PE^ — Pe^ - 2rPw + 25^V is greater than or equal to zero (17) 

is satisfied, since this is necessary in order that i^ may be 
positive. 

It is not difficult to show that (17) is satisfied by all values of 
w and e which satisfy (15), for, by (15), we have— 

Pw is less than or equal to leE — r&^ 

therefore — 

PE^ - /V - 2rIho + 2>S V is greater than PE^ - Pe^ - 2r(IeE'- re^) 

+2/SV 
greater than PE^ - 2rIeE+ r^e^ - 5 V 
greater than (JE-^ref+S^^ 

Thus, when (15) is satisfied, so also is (17). It will, therefore, be 
sufficient to see that condition (15) is always satisfied. 
Provided, then, that — 

r^ — lEe + /^ is equal to or less than zero 

the current will be real, and we shall have a possible working 
condition of the plant. 
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Solving equation (16) we get — 

= Y^{E ± \/E^^ ^rw) (18) 

This gives the maximum and minimum values of e when E and 
w are given. 

If we consider w as variable, it also gives the greatest possible 
value of e for a given value of the generator E.M.F. ; this occurs 
when ti? = 0, and the greatest possible value of e is given by — 

e = -- = Bsec0 (19) 

where — 

tan fl = - 
r 

We have noticed before (§ 87) that the generator KM.F. is 
not necessarily greater than the counter E.M.F. of the motor. We 
are now in a position to say that, neglecting losses due to friction, 
hysteresis, etc., a generator of E.M.F., E can drive as a motor any 
alternating-current machine whose counter E.M.F. lies between 
the values and E sec 0, where is defined by the equation — 

tan = - 
r 

S being the total reactance, and r the total resistance of the two 
armatures and the line. 

It will be well to remember that for the above statement to 
be true, e and E are not the E.M.F.s on an open circuit, but the 
E.M F.s due to rotation in the resultant fields determined by the 
exciting currents, together with the armature currents. 

Equation (18) also shows that the maximum output of the 
motor is given by — 

J&2 



w = 



4r 



where E is now the total E,M.F. generated by the driving machine, 
and r is the total resistance of the two armatures and line. 

So long, therefore, that the output lies between the values 
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and -T-, and the counter E.M.F. lies between the values and 
4r 

E sec ©, the plant will be in a condition of stable working. 



Efficiency. 
98* The electrical efficiency of the motor is — 

w + 'Pr 

where w is the output of the motor, r the resistance of its armature, 
and i the current. To make the efficiency high, the resistance of 
the armature should be small, and the plant should work in the 
neighbourhood of minimum current in the line for the given 
output. 

It appears from practical results that 3 horse-power machines 
can be made to have an electrical efficiency of over 85 per cent., 
and 6 horse-power machines of over 90 per cent. ; also machines 
have been made to develop their full-rated powers at frequencies 
of 60 to 80 complete periods per second. 

It has been shown that when the motor is excited to a slightly 
greater extent than that which corresponds to minimum current, 
the fields of both generator and motor are strengthened by arma- 
ture reaction, so that it appears advisable for the armatures of 
both machines to possess a fair amount of self-induction, not only 
on account of the strengthening of the fields, but also because, in 
the case of a breakdown, the counter E.M.F. of self-induction 
would then prevent too large a current flowing, and would diminish 
the risk of burning up the armatures. 



PROBLEMS ON CHAPTER XIII. 

1. A synchronous motor whose armature has a resistance of 0*5 ohm and 
self-induction 0*025 henry runs with a P.D. of 100 volts between its terminals. 
What is its maximum output (irrespective of heating limit) ? and what is the 
corresponding current and counter E.M.F., the frequency being 50 periods per 

second? 

Answer, Maximum output = 11,250 watts; current = 100 amperes; counter 
E.M.F. = 1180 volts. 
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2. A sjmchroDOtis motor is capable of giving 90 kOowaits withoat falling out 
of step when nmning on a 200-volt 50-freqaency circait, and its counter E.M.F. 
is then 1500 volts. What is the resistance and self-induction of its armature? 
and what is the current corresponding to its maximum output ? 

Aiuwer, Armature resistance = 0*333 ohm ; armature self-induction = 0*016 
henry, nearly; current = 300 amperes. 



CHAPTER XIV. 

Polyphase Currents — Generators — Combination of Currents — ^Production of 
Rotary Magnetic Fields — Intensity of Rotary Field — ^Induction Motors — 
Starting Devices for Induction Motors— Structure and Performance of 
Induction Motors. 

Polyphase Currents. 

94. In the last chapter we saw that an ordinary alternating- 
current machine can be driven as a motor, provided that its speed 
is first brought to synchronism with the alternating current which 
feeds it. In other words, a synchronous motor such as is described 
in the preceding chapter is not self-starting, but requires an auxUiary 
machine to first bring it into synchronism with the current. 

This disadvantage caused electrical engineers to seek some new 
type of alternating-current motor which would start without 
mechanical aid. Such a motor was at length devised whose 
working depends upon a suitable combination of alternating 
currents differing in phase from each other— so called Poly- 
phase Cuppents. 

Before describing the motors themselves, we will consider how 

polyphase currents can be generated, and investigate the electrical 
and magnetic effects due to their combined action. 

The only systems of polyphase currents in practical use are 
(1) Di-phase CuppentS, or two alternating currents of the 
same strength and periodicity, but differing in phase by a quarter 
of a period, and (2) TPi-phase Cuppents, or three alter- 
nating currents of the same strength and periodicity, but mutually 
out of phase with each other by one-third of a period. 

Di-PHASE Currents. 

95. Suppose that, instead of tapping the armature of a 
dynamo-electric machine at two points 180° apart only, as in a 
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simple alternator, it is tapped at foup equidistant points — that is, 
each 90^^ from the next — and that each tapping is carried to a 
separate collecting-ring on the shaft of the machine, as is shown 
diagrammatically in Fig. 47. 

It is then evident that each pair of connections 180° apart will 




Fig. 47. 

give rise to a simple alternating current ; but the current in one 
pair of leads will be 90°, or a quarter of a period, behind the other, 
according to the direction of rotation of the armature. 

In Fig. 47, if the direction of rotation is clockwise, the current 
in coils a, a' will lag behind that in coils h, V by a quarter of a 
period. 

If the current in coils a, a' is represented by % sin pt, that in 

coils 6, V will be represented by i^ sin (pt + ^ j 

If these two currents were transmitted along the same wii'e, 
the resulting current would be given by — 

i = to sin pt + 2*0 sin (vt +|j 

= v/2ioSin(^^ + J) (1) 

These are represented graphically in Fig. 48 ; the dotted line 




Fig. 48. 
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shows the resultant leading before the curve i^ sin pt by one-eighth 
of a period, and lagging behind the curve i^ sin ipt + ^j by the 



same amount. 



Tri-phase Currents. 



96. If, instead of tapping the armature of an alternator in 
two places 180° apart, as for monophase currents, or in four places 
90° apart, as for di-phase currents, it is tapped at three equidistant 
points 120° apart, each of the three portions of the armature will 
be the seat of an alternating E.M.F., but the E.M.F.S will be 
mutually out of phase by one-third of a period. Each line con- 
ductor will therefore carry an alternating current of the same 
intensity and frequency, but mutually differing in phase by one- 
third of a period. 

Fig. 49 shows diagrammatically such a tri-phase generator in 
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which the internal field-magnet rotates whilst the external 
armature is stationary. 

If the current in one of the line wires is represented by i^ sinjp^, 

those in the other two wires will be i^ sin (pt + ^\ and i^ sin 
[pt + -^j respectively. 
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If these three currentd pass simultaneously along the same 
wii-e, the resulting current is — 

i^ QUipt + Iq sin (pt + ^) + h ^^^ (p^ + ;f) = ^ 

that is, the resultant current is zero when three currents, mutually 
out of phase by one-third of a period and of the same intensity and 
frequency, act simultaneously in the same circuit. 



Rotary Magnetic Fields. 

97. Suppose that an anchor-ring of laminated soft iron is 
wound as in Fig. 50, and that the coils a, a' are traversed by an 

alternating current, and the coils h, V 
traversed by a second, alternating cur- 
rent of the same intensity and fre- 
quency, but lagging behind that in a, a' 
by a quarter of a period. When the 
current in the coils a, a' is a maximum, 
that in b, V is zero, so that if the direc- 
tion of the current in a, a! at that 
instant is represented by the arrow 
heads, the ring will be magnetized in 
the direction 6, h\ the south-seeking (S) 
pole being at 6', and the north-seeking 
(N) at 6. A quarter of a period later there will be no current in the 
coils a, a', and that in the coils &, V will have attained its maximum 
value, so that the S pole of the ring will now be at a, and the N 
pole at a\ In another quarter of a period the S pole will be at h, 
and the N" pole at &', and so on. 

We see, therefore, that the anchor-ring, magnetized by two 
alternating currents differing in phase by a quarter of a period, 
will have its direction of magnetization rotated at such a speed 
that it will have turned through 180° in half the periodic time 
of either current. 

A similaj rotation of the magnetic axis would occur if the 
anchor-ring was wound with three circuits fed by three similar 
alternating currents, differing mutually in phase by one third of a 
period. In Figs. 51, 52, and 53, A, B, represent the three wind- 
ings on an anchor-ring. If the currents in A,ByG are respectively 
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i sin pt, i sin (vt + y \ and i sin (^^< + ^ ) (see p. 144), the direc- 
tion of the magnetic field is indicated by the arrows in the cases 
where the current is zero in A, B, and G respectively, the arrow 
head pointing towards the S pole. 

The magnetic field, in this case, rotates through a complete 
revolution in the periodic time of the alternating currents. 






Fia. 51. 



Fig. 52. 



Fig, 58. 



If, now, a metal cylinder was placed coaxially within the anchor^ 
ring, and free to rotate round its axis, it is easy to see that rotation 
would occur, for the rotating magnetic field would induce currents 
in the body of the cylinder, more or less parallel to its axis, and 
the mutual action of the rotating field and the field due to the 
induced currents would give rise to a couple tending to make 
the cylinder rotate in the same direction as the magnetic field. 
The couple would be greatest if the induced currents were con- 
strained to flow in directions parallel to the axis of the cylinder. 
This can be effected by building the cylinder up of thin circular 
discs of soft iron, and reducing the magnetic reluctance of the 
circuit by imbedding copper conductors parallel to the axis near 
the periphery, and connecting them together at the ends. The 
iron greatly increases the strength of the rotating magnetic field, 
while the conductors localize the induced currents. 



Induction Motors. 

98, An arrangement such as is here described constitutes an 
Induction Motor; sometimes called a Rotary Field 
MotOPf or a Polyphase Motor. If the rotating field is 
produced by tivo alternating currents, we get a di-phase 
motor, and if by three, a tpi-phase motor. 

The stationary part, which is magnetized by the alternating 
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currents, is called a StatOP ; the rotating part in which currents 
are induced is called a RotOP* 

Both Stator and Botor are built up of laminated iron, and the 
copper conductors are imbedded in the iron itself so that the air- 
space between the stationary and moving parts may be made as 
small as possible. 



Stator Winding. 

99« There are two general methods of winding the Stator 
coils ; one — ^the staP-windinST — is depicted in Fig. 54, in the 
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case of a tri-phase motor, and in Fig. 55, in the case of a di-phase 
motor. In this method of winding, all the coils have one end in 
common, the other end of each going to the respective line wire. 

The other way of winding the Stator is to wind the coils 
like a Gramme ring in one closed coil, tapped at three or four 
equidistant points, according as it is intended for tri-phase or 
di-phase currents. This is shown in Figs. 56 and 57, and is 

termed Mesh-windlng^. 





Fio. 56. 



Fig. 57. 
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Field Strength due to Stator Windings. 

100. It will be here assumed that the total induction at any 
instant is proportional to the corresponding instantaneous value 
of the ampere turns. 

101. Di-phase Winding. — Two alternating-currents 
differing by a quarter of a period, and of equal intensity, are repre- 
sented in Fig. 58. The current represented by the curve -4 is a 
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quarter of a period in advance of that represented by B. 

We have now to find the cupve of induction produced 
by these Currents. 

Eeferring to Figs. 55 and 57, it is seen that the currents in the 
coils a, a' always assist those in &, V in producing the magnetic 
field ; that is, the effects of the currents are algebraically added. 
Since the number of turns of wire on the stator remains constant, 
the effect of either current in producing a magnetic field is pro- 
portional to the current, so that we may take the current curve 
itself to represent the induction it produces. 

Suppose this to be done for each of the four coils a, a\ b, V. 
From the way in which these coils are wound in Fig. 55, we see 
that if the currents in a, b tend to make the induction clockwise, 
then those in a', V produce a counter-clockwise induction; the 
separate inductions are, therefore, represented in Fig. 59 by the 
curves B', A, B, A\ etic., where the curves jB', A' are the negative 
portions of the curves B, A in Fig. 58 rectified. 



cL €b A 




Fig. 59. 



The justification for thus rectifying the curves of Fig. 58 lies 
in the way in which the coils are wound round the Stator. 
Fig. 59 is not a representation of the currents, but of the induction, 
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and the phase of the induction depends, not only on the value 
of the current, but also on the way in which the stator coils are 
wound. 

The ouppents in the coils of Fig. 55 are two-phased, 
but the Induction is four-phased, for the induction 
produced by a' differs by 180° from that produced by a. 

To obtain the resultant, we must add the curves JB*, -4, B, A* 
together. We thus obtain the dotted curves rf as a graphical 
representation of the magnitude of the induction at any time. 
When the current A is zero, 5 is a maximum. Let the induction 
then be represented by unity ; 45° later its value is 2 sin 45°, or 
\/2, and so on. 

The induction, therefore, varies between limits proportional to 
1 and 1'414 ; that is, there is a variation of about 20*5 per cent. 




3"^ 
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from its mean value. This variation, however, becomes consider- 
ably toned down by the effect of the rotor currents. 

102. Tpi-phase Wlndingps.— If the stator is wound for 
tri-phase work, as in Fig. 60, the currents in the three circuits 

may be taken to be i sin ^t, i sin [^i + ^, and % sin (^t + -^ 

respectively, and are represented graphically in Fig. 61. In order 
to obtain the curve of induction produced by these three currents 
flowing through the stator windings, as in Fig. 60, we must rectify 
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the negative parts of the curves of Fig. 61, and then add all the 




Fig. 61. 



curves together. The result of the adding these curves together is 
to produce the dotted curve in Fig. 62, which represents the value 
of the induction at any instant. 






S V v 



X 



1. 




Fio. 62. 

From Fig. 62 we see that the maximum value of the induction 
is proportional to — 

i + 2i sin 30° 

that is, to 2i; and the minimum value of the induction is pro- 
portional to — 

2i sin 60°, or i\/3 

Thus the induction varies between limits which are propor- 
tional to 2 and 1'732, and the variation of the induction from its 
mean value is about 7 per cent. 

Comparing the result with that which was obtained for a di- 
phase induction motor, it is seen that increasing the number of 
currents round the stator diminishes the percentage variation of 
the induction from its mean value. 

The steady running of an induction motor depends upon the 
constancy of the torque (or moment of turning couple) of the 
rotor, and consequently upon the constancy of the strength of 
the magnetic field in which the rotor revolves. It might be sup- 
posed, therefore, that the greater the number of currents, in 
different phases, exciting the stator, the steadier would be the 
action of the motor. Practical tests, however, indicate that there 
is no perceptible difference as regards steady running between a 
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di-phase and a tri-phase motor. This is probably due to the 
influence of the rotor currents, which t«nd to diminish the varia- 
tions of the induction. 



Difference of Potential between Terminals of 

Induction Motors. 

108* Di-phase Motor. — If the coils are joined in the 
star-grouping as in Fig. 55, with or without a common junction 
at My the potential difference between the line wires p and r, or 
and 2', is the sum of the P.D.s between the terminals of the 
coils h and h\ and equals 2« sin pt, if c sin jt?^ is the E.M.F. absorbed 
in either coil. 

If the coQs are star-grouped, and have a common junction Jf, 
there is a P.D. between o and p given by — 



V = e sin pt — e sin \'pt — a ) 
^V2emi{pt^'^^) (2) 



Which shows that the P.D. between the two line wires of 
different phases is \/2 times the E.M.F. consumed in one of the 
stator coils, and has a phase midway between the phases of the 
E.M.F.s in the two corresponding coils. 

If the coils are mesh-grouped, as in Fig. 57, the P.D. between 
and p is evidently the same as the E.M.F. consumed in a, and 
equals e sin pt. 

104. Tpi-phase Motor.— Let the stator coils be A, B, C, 
in Figs. 54 and 56, and p, q, r the line wires. Let the E.M.F.s 

consumed in A and She e sin pt and e smlpt — ^ j respectively. 

If the coils are connected in mesh-grouping, as in Fig. 56, the 
P.D. between p and q is simply the E.M.F. consumed in A, or 
e sin pt 

If, however, the grouping is in the star method, as in Fig. 54, 
the P.D. between p and q is given by — 



V = e sin pt -- e sin (pt — ^ j 
= \/3esin(pt + '^ (3) 
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Currents in the Line Wires. 

105. Di-phase Systems.— Consider Figs. 55 and 57, 
and suppose the current strengths in the toils a, a\ h, V, to be the 
same. 

Let the current in a, a' be * sin pt, and that in b, b\ 

% sin [pt + I j- 

Then in the star-grouping (Fig. 55) the current in the line 
wire is evidently the same as that in the coil a. 

In the mesh-grouping (Fig. 57) the current in o is the algebraic 
sum of the currents in a and 6, and is given by — 



{ = i sin pt + i sin \pt + k) 
= \/2i sin (p^ + j) (4) 



That is, the currents in the Hue wirei^ are \/2 times those in the 
coils, and differ from them in phase by one-eighth of a period. 

106. Tpi-phase Systems. — In a similar manner the 
currents in the line wires of a tri-phase system are — 

Star-grouping : the same as the currents in the stator coils. 
Mesh-grouping. The current in line wire, q, is given by — 

i = i sin pt — i sin \pt — ^ ) 

= VSi sin (i)^ 4- ^) (5) 

where i sin pt, and i sin (pt — ^J are respectively the currents 
in coils A and B. 

Theory of the Induction Motor. 

107. The following theory of the induction motor is perfectly 
general, and independent of the number of phases in the stator 
and rotor. 

Before attacking the problem analytically, it will be well to 
form a mental picture of what really takes place in an induction 
motor. 

The currents in the stator windings produce a rotating magnetic 
field. At the instant of switching on the stator currents the rotor 
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is at rest, so that at the start the currents induced in the rotor 
coils will have the same frequency as those in the stator. The 
mutual reaction of the rotor currents and the rotating field pro- 
duces a torque which, if sufficiently great to overcome the load 
and the friction of the rotor bearings, will make the rotor follow 
the magnetic field. 

It will then speed up until the torque produced electrically 
balances that due to the friction and the load. As the speed 
increases, the rate at which the conductors on the rotor are cut 
by the rotating magnetic field diminishes, because the rate of 
cutting is directly proportional to the angular velocity of the field 
relative to the rotor. In consequence of this, both the magnitude 
and the frequency of the rotor currents diminish as its speed 
increases, if the load on the motor is kept constant. If there is 
no load on the rotor, and if friction is negligibly small, the rotor 
will keep increasing its speed until it runs synchronously with 
the rotating field. The rotor currents would then be zero, since 
the rate of cutting lines of force is zero. As soon as the load is 
put on the speed is diminished, and again currents are induced 
in the rotor coils. 

From this it is evident that rotary field motors must run at 
some speed less than that corresponding to synchronism. 

The ratio of the frequency of the rotor currents to that of the 
stator currents is called the Slip, and is denoted by the Greek 
letter k. 

It will now be seen that an induction motor may be considered 
as a transformer with a short-circuited secondary circuit free to 
rotate. The points of difference between the two are, (1) that 
while the energy given to the secondary of a stationary trans- 
former is expended chiefly in an external circuit, that given to 
the rotor of an induction motor produces mechanical rotation 
against an opposing couple ; and (2) whereas in a stationary trans- 
former the frequency of the secondary currents is the same as that 
of the primary currents, the frequency of the rotor currents is, 
except at the instant of starting, always less than that of the 
stator currents. 

Stationary transformers and induction motors may, in fact, be 
brought under one theoretical treatment, as has been done by 
Steinmetz.^ 

* *• Theory of the General AltematiDg-current Transformer," by C. P. Steinmetz, 
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108. We will, however, for simplicity, consider the induction 
motor alone. 

Suppose that each circuit in the stator consists of Ni turns of 
wire, and each rotor circuit of N^ turns ; and let the resistance 
and reactance of each stator circuit be ri and si respectively, and 
of each rotor circuit, when at rest, r^ and s^ respectively ; and let 
the E.M.F. induced per turn in the stator coils be e. 

If fa>i and W2 are the angular velocities of the rotating field and 
rcrtor respectively, and the frequency of the current ii in a stator 
coil be 71, then the frequency of the current 4 in the rotor coils 
will be — 

a>i — 0)2 

or, putting k for the slip — 

€i>l — (i>2 , 

(jJl 

the frequency of the rotor currents is icn. 

We will suppose that the E.M.F.s and currents have their 
E.M.S. values. 

It follows that the E.M.F. JE^ induced per turn in the rotor 
coils is KC. The E.M.F. induced in each circuit of the rotor 
coils is therefore given by — 

E^^kN^ (6) 

and the vector equation of E.M.F.s is — 

r^H + IcKS^'k = ^N^ (7) 

the reactance, when in motion, being ks^. Thus — 

~" 7*2 + UkS^ 

_ (r2 - Icks^kN^ .^.. 

"" ra^ + kV ^^ 

The power spent per circuit in heating the rotor is then the scalar 
product of i^ and E^y that is — 

Power wasted = — ^ - — s-^ .... (9) 

7*2 + K^ V 

Ttan^aciioM of the American In$tituteo/ Electrical Engineeringy vol. xii. pp. 351-865 
(1895); also ** AlternatiDg-onrrent Motors," by W. G. Rhodefi, Electrical Review, 
vol. xxxvii. pp. 599, 600 (1895); and vol. xxxvili. pp. 139-142 (1896). 
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Again, the E.M.F. induced in each stator circuit due to the 
rotating field ia given by — 

^i=JVi« (10) 

Also, the current ii in the stator circuit consists of two parts, 
the function of one part, i\, being to excite the stator and produce 
the rotating field, and that of the other part, i"i, to transmit energy 
to the rotor. 

But— 

which, by (8) — 

~ i\^rW + icV) • • • • ^^^^ 

The power transmitted per circuit to the rotor is, therefore, the 
scalar product of the vectors — 

and — 

(r2 — kKS^KN^e 

that is — 

Power transmitted to rotor = « ? — q— « . . (12) 

The output, P, of the motor is then obtained by subtracting 
(9) from (12). That is— 



P = 



ra^ + i^S2^ r^^ + t^S2^ 



To find the torque, Ty exerted per rotor circuit, we must divide 
P by the angular velocity a>2, but — 



therefore- 



fC 


Ci>l — Ci>2 


(i>2 


= o>i(l - k) 


T 


AVe^r^ic 


"" ioiir^^ + K^Si^) 



that is — 

(14) 
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The expression gives the torque in terms of the slip, the resist- 
ance and reactance of the rotor coils, the E.M.F. developed per 
turn by the rotating field at fuU frequency, the number of turns 




Stip 



Fio. 63. 



per circuit on the rotor, and the angular velocity of the rotating 
field. 

The relation between torque and slip is shown graphically in 

Fig. 63, which curve has its maximum value when fc = - 

Equation (14) shows that the starting torque is (putting 
K = 1) — 

^ ■" coi(ra2 + 52^) ^^^^ 

which is greater the less the reactance of the rotor- windings, and 
the less the angular velocity of the rotating field. For variations 
of 7*2 the starting torque is the greatest when r^ = S2, and then 
becomes — 

rn __ i^aV 
® ■" 20)17-2 

which varies inversely as the resistance. Thus, to produce a great 
starting torque, the rotor resistance and reactance should be equal 
to each other, and each as small as possible. 

Also, since e is proportional to the intensity of the rotating 
fields, it follows that a great torque can only be obtained if, in 
addition to the other favourable circumstances, the air-gap is made 
as small as possible, and magnetic leakage as nearly as possible 
eliminated. 
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Now, let Y be the admittance per circuit of the stator coils, and 

where p = virtual conductance per circuit of stator, 

= ratio of hysteretic energy current to the counter 
KM.F. of motor, and 
<r = susceptance of stator per circuit, 
= ratio of magnetizing current to counter E.M.F. of 
stator. 
Also let Tx = resistance of stator per circuit, 
si as reactance of stator per circuit. 

« 

Then the primary exciting current, t/, is given by — 

ii' = - (^ - kti)Nie (16) 

and the total primary current is — 

«1 = *! + *1 

= - (/9 - k<t)Nie - 



kNc^c 



where — 









The P.D. applied between the stator terminals is — 
iV = - ^1 + ti(ri + ksi) 

Equations (17) and (18) may be written in the form — 
and — 

■Lit fi I »c(^'l^2 + KS1S2) , . . 7 I 



MONOPHASE INDUCTION MOTORS. 159 

Therefore the input of the motor, being the scalar product of 
e'l and iV, is given by — 

I KSa , <r\\ ^(Kt'iSa — Sira)i-i j^„ 

Therefore the efficiency of the motor is given by — 
P 



e" 



»» = 



W 



W 



(22) 



^2 + icn + 2/orir2 + 2k(t5iS2 H — (/> + n/D^ + Tx(^){ri + ic V) 



It is to be noticed from equation (14) that the torque is pro- 
portional to the square of e. Now e is the E.M.F. induced per 
turn in the stator winding by the rotating magnetic field ; there- 
fore, for a given angular velocity of the rotary field, e is propor- 
tional to the field strength. To produce a large torque, it is 
necessary, therefore, to work at a high induction density in the 
stator. It follows that a high efficiency and large torque are 
antagonistic, since with a high induction density the hysteresis 
loss is large. 



Monophase Induction Motors. 

109* In the induction motors already described, the torque at 
any instant is due to a difference between the angular velocity of 
the magnetic field and that of the rotor. 

Suppose that in an induction motor the stator coils form a 
single circuit fed by a siugle alternating current, while the rotor 
is exactly the same as in a rotary field motor. In this the 
resultant magnetic field preserves a constant dipectioily and 
simply alternates in sense as in a stationary transformer; so 
that if the rotor is at rest, the alternating currents induced in the 
rotor coils produce no torque, since the impulses are alternately 
in opposite directions. If, however, the rotor has, by some means, 
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an initial velocity given to it, a torque is produced, and the rotor 
will continue to rotate with a speed which increases till a speed 
almost corresponding to synchronism with the stator current is 
attained. 

To see this more clearly, we may suppose the alternating 
magnetic field replaced by two rotary fields of equal strength, and 
revolving with the same angular velocity in opposite directions. 
We leave the reader to prove that this is a legitimate supposition. 

If the rotor is started by some means in either direction, the 
induced rotor currents may be regarded as the algebraic sum of the 
currents due to cutting these two rotary fields. 

Let the slips relative to the two rotary fields be ki and k^ 
respectively, and suppose that the rotor is started in the direction 
of fC2 diminishing. Then ki is less than, and k2 greater than, unity, 
and Ki -{- Ka = 2. 

Let the corresponding torques be Ti and T^, which act in 
opposite directions, so that the resultant torque is Ti — T^; then 

by (14)- 

' ~ toxin' + icxWj 

and — 

^ "" i^iir^ + 1C2V; 
therefore the resultant torque is given by — 

^ ' ~ ^ ' - " oil W + ici V r^'+ KaV j 

By supposition, k2 — k\ is positive ; therefore Ti — T^ is 
positive, if — 

KiicgSa^ — r^ is positive 

Now, Kiica is never greater than unity ; therefore a monophase 
induction motor cannot run at all unless the reactance is numeri- 
cally greater thanthe resistance. So long, however, as iciicaSa^ — r^ 
remains positive, the resultant torque will remain in the same 
direction, and the motor will continue to run. 

It appears, however, that a monophase induction motor cannot 



THEORY OP THE MONOPHASE INDUCTION MOTOR. 161 

possibly attain synchronism, since that would make ici or k2 zero, 
and — 

would then be negative. There is, therefore, a limiting speed 
below synchronism beyond which a monophase motor cannot go. 

110. Staptingr Devices. — The difficulty encountered with 
monophase motors is that they will not start without some auxiliary 
starting device. The usual starting device is an additional stator 
winding, round which flows a current out of phase with the main, 
or running current. It is not necessary to have an additional 
source of power with which to supply these additional windings 
with current; they may be turanged in parallel with the main 
windings on the stator, so that the motor current divides, part going, 
round the main coils, and part round the additional coils. 

If the ratio of the reactance to the resistance of the two stator 
windings is different, the currents in the two circuits will differ in 
phase, and, by making the difference of phase sufl5.ciently large, a 
considerable starting-torque will result. 

Some makers produce the phase difference in the stator wind- 
ings by making the self-induction in one circuit large, and intro- 
ducing capacity into the other circuit by means of condensers 
made of iron plates in a solution of carbonate of soda. 

The splitting of the current causes the magnetic field to 
rotate, and the motor starts as a di-phase motor. As soon as the 
rotor is run up to a speed which may be considerably below syn- 
chronism, the additional stator circuit is broken ; and as there is 
now a considerable torque exerted on the rotor, the machine will 
continue to run, and will be able to give out power with a high 
degree of efficiency. 

On refemng to equation (23), we find by differentiation with 
respect to % and remembering that ici -f ic2 = 2, that 2\ — ^2 is a 
maximum when — 

s,^kM + 2 

and that the maximum torque is given by — 

T ^ T =. ^^^^^'^^^^^ "" ^) /'25^ 

^ ^ wira • • • • V ^ 

That is, for a given slip, the maximum torque is inversely propor- 

M 
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tional to the resistance per circuit of the rotor winding. Thus, 
while satisfying the relation (23), both the reactance and resistance 
of the rotor windings should be small if a large torque is desired. 

At starting, a monophase motor is acting as a di-phase motor, 
and, by equation (15), the reactance and resistance of the rotor 
winding should be equal, and both small, to produce a large start- 
ing torque. If, as is usually the case, the reactance is greater than 
the resistance, then the maximum starting-torque is obtained by 
increasing the resistance until it numerically equals the reactance. 
This can be done by winding the i-otor with a tri-phase star wind- 
ing, terminating in collector rings, and by means of three bushes, 
inserting resistance temporarily in each circuit. The best resist- 
ance to insert is that which makes the total resistance per rotor 
circuit equal to the reactance per circuit. 

The reactance, however, causes the rotor currents to lag behind 
the E.M.F.S producing them. The lagging components of these 
currents will tend to demagnetize the stator, and a smaller torque 
results. 

The insertion of the resistance cuts down the rotor currents, 
and brings them more and more nearly into phase with the RM.F.s 
induced in the rotor. Wattless current, in either the stator or 
rotor, are useless ; and when occurring in the rotor, are not only 
useless, but, by their demagnetizing action on the stator, diminish 
the torque. The author has devised a means of cutting down the 
wattless rotor currents without interfering with the energy current, 
by the insertion of E.M.F.s in the rotor circuits, leading a right- 
angle before the induced E.M.F.S. There is, however, difficulty 
in obtaining these counter E.M.F.s in exactly the correct phase. 

The one defect of the method of inserting non-inductive resist- 
ances in the rotor circuits is that the energy current is cut down 
simultaneously with the wattless currents. A better result is 
obtained in polyphase induction motors by connecting the secondary 
circuits of suitable transformers between the several pairs of brushes 
of the rotor, the primaries being placed in series with the stator 
windings. Another method consists in inserting the primaries 
of a tri-phase transformer in the rotor circuits, while the three 
secondary circuits of the transformer are short-circuited. In each 
case the rotor is short-circuited on itself when full speed is attained. 

Another method employed for producing a high-starting torque 
in induction motors is as follows : Instead of using non-inductive 
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resistances in the rotor circuits, a parallel arrangement of a high 
non-indnctive resistance and a low resistance with high inductance 
is placed in each rotor circuit. No switch is used, as the starting 
device is always kept in the rotor circuits. 

The impedance of a parallel arrangement consisting of a non- 
inductive resistance i?i, and a coil whose resistance is R^, and 
self-induction i, is easily shown to be — 

where p^2ir times the frequency. 

This impedance approaches the value ^i when p is large, and 

the value p ^, p when p is small. 

-til + -fl'2 

Now, at the start the rotor currents have the full frequency of 
the stator currents, so that the external rotor impedance is approxi- 
mately Bi ; but when full speed is attained, their frequency is but 
a small fraction (about 5 per cent.) of that of the stator currents, 
so that the external rotor impedance now approaches the value 

R R 
- p \ \ , which is so small that its inclusion in the rotor circuits 

III "T -ti'2 

makes no perceptible diflference in the efficiency when working. 
The results produced by this starting device are said to be 
excellent. 

Starting-Torque of Induction Motors in General. 

111. From the foregoing it is seen that the only diflference 
between monophase and polyphase induction motors is that in the 
former the stator is wound with two circuits, one of which is cut 
out when speed is attained ; whereas in the latter all the stator 
circuits are always in use. 

Any means of improving the starting-torque of a monophase 
motor beyond this phase - splitting arrangement in the stator 
windings is equally applicable to polyphase motors. Equation (15) 
shows that to produce a good starting-torque in any induction 
motor the rotor resistance and reactance should both be low, and 
as nearly equal as possible. Any device by means of which this 
is effected is equally applicable to monophase and polyphase 
induction motors. Thus any improvement in the rotors, or rotor 
windings, can be applied to all types of induction motors. 
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Stbuctube of Induction Motors. 

112* The stators of all induction motors are built of soft-iron 
stampings varying from 12 to 20 mils, in thickness. The running 
coils of monophase induction motors are woimd in half-closed 
slots, which are placed close to the inside periphery, as shown in 
Fig. 64, while the starting coils are wound in completely closed 
slots. The stator stampings are built up inside a cast-iron case. 




Fig. 64. 



to which end shields are bolted. The slots are insulated with 
micanite or other insulating material. In monophase motors there 
are two distinct windings, one being the running winding — always 
in circuit, — the other, the starting winding, in circuit only at start- 
ing, and whose function is to provide a cross-magnetization, the 
action of which on the rotor currents produces the starting-torque. 

In di-phase motors there are two similar distinct windings, both 
of which remain always in circuit. 

In tri-phase motors there are three similar distinct windings, 
which always remain in circuit. 

Rotors. — The rotors consist of a slotted and laminated core, 
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the stampings of which need not be so thin as those of the stater, 
since the frequency of the flux in there much smaller than in the 
stator. A rotor stamping is depicted in Fig. 66- The rotor wind- 
ing sometimes consist simply of bars of copper, short-ciicuited at 




each end by heavy copper rings. This is called a ** squlri*el- 

cage" winding. When a squirrel-cage winding is not used, a 
tri-phase star winding is almost universally employed, in which 
case three ends are jointed together, while the remaining three are 



Fio. 66. — The Beverol ports of a Heylond monophase iadaotion motor. 

connected to three collector-rings mounted on the shaft. Three 
brushes mb on these rings, and are held by holders connected to 
the end shields of the case. 

Fig. 66 shows the several parts of a Heyland monophase indue- 
tlon motor, manufactured by Messrs. Wittii^ Bros., London. 
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Fig. 457 sbows a starting resistance aud switch, for nse with a 
tri-pbase ator-wound rotor. 

Fig. 68 shows a rotor of a Britiah TUomsou-Houstan polyphase 



Fia. 67. Fio. es.— Rotor with itutiag reiiattinoe. 

induction motor, with a starting resistance inside the spider, aud 
ao arranged that it ia automatically cut out wlien speed is got np. 



Performances of Induction Motorb. 

113. The following table gives the results of tests made with 
monophase motors of the Heyland type : — 

]trake hone-power } 1 3 a 10 2OS0 40 90 

Knil- 1 ftt 40 cjolw pet Becond 1U50 1080 1080 1100 750 760 760 675 575 

loed <, 50 „ „ 1310 IflSO 1890 1380 940 950 950 710 710 

Bpeed ) „ 60 „ „ 1580 1620 1620 ItiOO 1130 1140 1140 860 860 

Namberofpole 4 4 4 4 6 6 6 8 8 

FnlUIoul efflcienoy per ceot. . 65 70 75 SO 82 85 S7 89 00 

Foll-la«d ponrr factor . . . 0-65 070 0-73 D-75 0'80 082 0-83 085 0-85 
Full-load onrreiit in ampere* at 

lOOToIta 9 15 41 62 113 215 310 894 580 

Approximate weight in lbs. . 14S 154 308 410 660 1100 2000 2640 3500 

Fig. 69 gives the curves showing the results of a test of 
a 5 B.H.P. Heyland monophase motor; Fig. 70 gives similar 
curves for a tri-phase motor manufactured by Messrs. Witting 
Bros. ; while Fig. 71 gives curves relating to a 15 B.H.P. mono- 
phase motor of the FuUer-Wenstrom Electrical Manufacturing 
Company. 
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From these details we see that induction motors compare 
favourably with the best shunt-wound direct-current motors, 



fOO 




Fia. 69. — Gharacteristio curve of a brake test for a 5 B.H.P. siDgle-phase motor. 

100 cycles. 200 volts. 2000 revs, per min. 

both as regards efficiency and constancy of speed under variable 
loads. 
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Fig. 70.~Brake test of a 10 RH.P. three-phase motor. 190 volts. 50 cycles. 

1000 revs, per min. 

The chief objection to such motors is that no easy means has 
been devised for varying their speed. It is possible, as has already 
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been done, to halve the speed by doubling the number of stator- 
poles, or, generally, to reduce the speed by increasing the number 
of stator-poles ; but such variation is not continuous, and involves 
complicated windings. The only way of producing a continuous 
variation of speed is by supplying tlie motor with current at a 
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Fio. 71. 

varying frequency, for which purpose a frequency tpans- 

fopmep is required. As, however, no frequency transformer of 
wide range has hitherto been constructed, a satisfactory solution of 
the variation of speed of induction motors has not been arrived at. 
The method of changing the speed by altering the P.D. applied 
between the terminals of the stator windings is not satisfactory. 
The P.D. is varied by means of variable resistances, placed in 
series with the stator windings, entailing a serious waste of energy. 
An additional objection is that the motor cannot give its full 
rated output for any length of time when the P.D. is lowered, on 
account of the heavy currents it requires to do so. 

114. The noticeable feature of induction motors is their 
simplicity of structure combined with great mechanical strength. 
The absence of commutators is an immense advantage, since there 
is no sparking limit to the output as in direct-current motors ; 
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the consequence is that the output per unit weight is much greater 
in an induction motor than in a direct current machine. It is not 
diflScult to construct induction motors of a moderate size, which 
only weigh 60 or 70 lbs. per horse-power, and this without any 
sacrifice of eflBiciency. 

Unless considerably overloaded, an induction motor will run 
quite cool compared with direct-current motors of the same weight 
and output. This is due to the large section which can be given 
to the conductors and to the fact that the winding is so arranged 
that the copper losses are not localized, whilst the laminated 
character of the iron facilitates ventilation. 

Although polyphase induction motors are termed non- 
syncllPOnouSy it should be borne in mind that there is always 
a tendency towards synchronism. The speed of an induction 
motor is, in fact, almost independent of the load ; the variation in 
speed from no-load to full-load seldom exceeds 5 per cent. 

It is usual to make large machines multipolar in order to 
reduce the peripheral velocity of the rotor. Small machines can 
safely run at 2000 revolutions or more per minute, and so can be 
made bi-polar. The angular velocity of the rotor, for a given 
frequency in the stator currents, varies inversely as the number 
of poles, so that large machines are necessarily of the multipolar 
type. 

115. Before concluding this chapter, we draw the attention 
of the reader to a few points which have to be carefully noted in 
the design of monophase induction motors. 

There are two distinct stator windings ; one— the running coil 
— must be such as to provide a counter E.M.F. nearly equal to 
the applied P.D. and capable of carrying the full-load current 
continuously; the other — the starting- coil — which must likewise 
provide a counter E.M.F. nearly equal to the applied P.D., but 
since it is only in circuit for a very short time, it may run at a 
much higher current density than the running-coil. 

Let us examine closely the conditions which the two coils 
have to satisfy. 

When running on load, the power-factor of the motor must be 
as high as possible. The running-coil, therefore, must be wound 
so as to have as small an equivalent self-induction as possible ; 
that is to say, the mutual induction between the running coil and 
the rotor-windings should be as large as possible. The wattless 
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currents in the stator-windings are solely due to the leakage field, 
or those magnetic lines which cut the stator coils alone. The 
ninning-coil should, therefore, be wound as near to the inside edge 
of the stator core as possible, and the opening in the slots in which 
it is wound should be greater than the air-gap between stator and 
rotor. Further, the winding should be such as to give a fairly 
high induction density in the iron, otherwise the demagnetizing 
action of the rotor currents will, at start, have too great an effect, 
a feeble starting-torque resulting. 

The starting-coil, on the contrary, should be wound in closed 
slots, since in this case a large equivalent self-induction is neces- 
sary to give the required difference of phase between the currents 
in the two stator-windings. Since it is only in circuit for a short 
time, this coil can have fewer turns than the running-coil, and 
cany a heavier current. 



CHAPTER XV. 

Polyphase Transformers — ^Phase Transformers and Rotary Converters. 

Polyphase Transfokmers. 

116. We have seen that monophase transformers are used for the 
purpose of transforming alternating electromotive forces from high 
to low values, or vice versa. 

Polyphase transformers may likewise be used for simply trans- 
forming the values of the E.M.F.s, or they may be also arranged 
so as to transform the number of phases of the E.M.F.S. 

There is little to be said in the case of polyphase transformers 
used simply for transforming E.M.F.s, since the same laws relating 
to ratio of turns hold good here as in monophase transformers; 
that is, the ratio between the primary and secondary E.M.F.s is 
approximately the same as that between the number of primary 
and secondary turns. 

We might, of course, in the case of tri-phase currents, employ 
three single-phase transformers, viz. one in each of the three 
circuits; but just as it is unnecessary to have three separate 
circuits with six line-wires for transmission, so is it equally unneces- 
sary to use three separate transformers. AU that is necessary is 
to have three limbs magnetically short-circuited by common yokes, 
as shown diagrammatically in Fig. 72, in which Pi, P2, P3 represent 
the primary coils, and Si, S^, S^ the secondaries. The phase 
relationships between the magnetic fluxes in the three cores will 
be similar to the phase relationships between the three primary 
currents. 

In the case of di-phase transformers, three cores are again all 
that is necessary, provided the section of the core wound with the 
coil which is connected to the common line-wire is \/2 times the 
cross-sections of either of the other two, in order that the induction 
in all three cores may be the same. 
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Having due regard to these details, the design of a polyphase 
transformer differs in no respect from that of a monophase 
transformer. 




Phase Tbansformers. 

117. Phase transformers are used for the purpose of changing 
alternating current of any number of phases to alternating current 
of a different number of phases. 

The problem of producing such phase transformations was first 
solved by Professor S. P. Thompson in the following manner : — 

A ring transformer having a number of coils in closed series 
was tapped at three equidistant points, and fed thereat by tri-phase 
currents, with the result that a rotating magnetic field was pro- 
duced. On further tapping at the extremities of any diameter, 
single-phase current could be taken from it ; or by tapping at four 
equidistant points, di-phase currents are obtained. In fact, by 
making a suitable number of tappings, currents of any number of 
phases could be obtained. 

Such a phase transformer is really an auto-transformer of 
special type, the correct phase relationships of the secondary 
currents being dependent upon the production of a magnetic field 
rotatiag with uniform angular velocity. It cannot, therefore, be 
used for transforming monophase currents to polyphase. 

In the case in which the primary current is tri-phase, the 
ratio between the primary and secondary E.M.F.s is approximately 
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proportional to the ratio of one-third of the whole number of turns 
to the number of turns between the tappings corresponding to one 
phase of the secondary. 

A method of transforming from di-phase to tri-phase currents 
was subsequently given by Mr. C. F. Scott, of the Westinghouse 
Company, by the use of two specially wound transformers, as 
depicted in Fig. 73. 





Fig. 73. 

The primaries of the transformers are connected to the terminals 
of a di-phase generator. In the transformers used by Mr. Scott, 
one secondary CB was made equal to 100 turns, and was tapped 
at its middle point, giving 50 turns on each side. The other 
secondary had 87 turns (= 50\/3). One end of it was connected 
with the middle point of the secondary of the first transformer, 
and the three free terminals then A, B, 0, gave tri-phase E.M.F.S. 

The methods given above do not include the most important 
case from a practical point of view, viz. that of transforming mono- 
phase currents to di-phase or tri-phase. Although methods of 
achieving this have been theoretically propounded, they do not 
seem to have been realized in practice by any stationary trans- 
former. 



KoTARY Converters. 

lis. A rotary converter is a machine with but one armature 
winding, which transforms alternating currents of any number of 
phases into continuous current, or vice versa. 

This definition excludes such combinations as alternating- 
current motors coupled to direct-current generators, which are 

called Motop Genepatops. 
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A rotary converter has less heating and higher efficiency than 
a motor generator of the same output, one reason for this being 
that in the converter no mechanical transfer of energy takes place, 
since the torque required for the generation of the continuous 
currents and that produced by the alternating current both act on 
the same armature. In the motor generator, on the other hand, 
power is transmitted mechanically from the motor to the 
generator. 

A rotary converter is thus a machine with a commutator on 
one side of the armature, and two, three, or four collector rings on 
the other side, according as it is intended for mono-phase, tri- 
phase, or quarter-phase currents. The field magnets are generally 
excited by a shunt or compound winding on the direct-current 
side. When the macliine is running synchronously with the 
supply current, the counter-electromotive force in the armature 
will approximately balance the applied alternating P.D., although 
they may differ in phase. The E.M.F. developed on the direct- 
current side will have a steady value equal to the maximum value 
of the counter E.M.F., and will therefore approximately equal the 
maximum value of the applied P.D. 

119. To find the ratio of the E.M.F.s and currents on the two 
sides of a rotary, we will follow the method employed by Mr. C. P. 
Steinmetz.* 

Let Fig. 74 represent diagrammatically the commutator of a 
direct-current machine, with the armature coils shown connected 
to adjacent commutator bars. The brushes are represented by Bi 
and 5a, and the field magnets by J?i, F^ ; ai and a^ are two opposite 
points of the commutator, and are connected to two collector-rings, 
Di and D^. 

It is obvious that between the collector-rings there is an alter- 
nating E.M.F. f, whose maximum value is equal to the continuous 
E.M.F. E, and which makes p periods per revolution of the arma- 
ture, where 2p is the number of poles. In the diagram p is 
unity. 

Hence we have — 

e = JF sin 2irnt 

where n is the frequency, and E the E.M.F. between the brushes 
on the commutator. 

» "The Converter," by C. P. Steinmetz, Eleetrieal World, vol. xxxii. pp. 650-652 
(1898). 
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The E.M.S. value of e is, therefore, given by — 

E 
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A\ = 



v/2 



(1) 



That is, in a mono-phaae potapy convertep, the 
E.M.F. on the dipeet euppent side is \/S times 
the R.M.S. value of the applied P.D. on the altep- 
nating^-cuppent side. 

Again, neglecting losses and difference of phase between the 




applied P.D. and the current, the input is equal to the output, so 
that if / is the current taken from the commutator, and /i the 
E.M.S. value of the supply current, we have — 

EI=iEih 



therefore — 



-A/ 



by(i) 



/i = \/2I . (2) 



That is, the R.M.S. value of the altepnating^ cup* 
pent is equal to \/2 times the dipeet euppent. 



71-Phase Converter. 

120. Suppose now that n equidistant points round the com- 
mutator are connected to n collector-rings. 
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In order to make our calculation clear and intelligible, con- 
sider the case in which the armature is star-wound as in Fig. 75, 
and let ai, a% be two diametrically opposite coils, connected at N, S, 
to two diametrically opposite commutator segments. 

It is obvious that if J? is the voltage between the commutator 

brushes, then S is equal to the maxi- 
mum value of the sum of the alter- 
nating E.M.F.s generated in ai and 
Oi conjointly; that is, is twice the 
maximum value of the alternating 
E.M.F. in ai alone. It is also 
obvious that if all the coils are 
electrically connected at 0, the result 
will be the same as if they were not 
connected there. is called the 
neutral point. 

We thus see that the maximum 
value of the E.M.F. generated be- 
tween the free end of the coil ai 
(Fig. 75) and the neutral point is half the E.M.F. between the 
commutator brushes. 

Also the R.M.S. value of the E.M.F. is —7= times the maximum 

V2 

value ; therefore if Hi is the RM.S. value of the E.M.F. generated 

between the free end of the coil ai and the neutral point, we 

have — 

^^ = 2^2 <^) 

Now revert to the mesh-winding shown in Fig. 76, and let ai, oa, Uq 
be successive tappings connected to adjacent collector-rings, and 
let the vectors OJEi, 0E% etc. (Fig. 77), represent the E,M.S. values 
of the E.M.F.S between ai, ^2, etc., and the (in this case fictitious) 
neutral point; then the vector Ei E^ represents the E.M.F. be- 
tween two adjacent collector-rings. But the angle EiOE^ = 
therefore — 




n 



E1E2 -2,0Ei sin - 

n 

E . TT 

= — ;= sm - 
y/2 n 



W 
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Again, if / is the direct current, and /i the E.M.S. value of the 
alternating-current per phase, we have — 

IE =: n . Eili 

nE J. 





FiQ. 76. 



Fia. 77. 



therefore — 



/i = 



2\/2/ 



n 



(5) 



Also the current / between two adjacent lines is given by — 



therefore — 



__ nEI\ . IT 
IE 5= — 7^ sin - 



/' = 



Jv/2 

n Sin - 
n 



(6) 



121« Applying this to the cases in which the armature is 
tapped at three and four equidistant points and connected to three 
and four collector-rings respectively, we get, taking continuous 
voltage and current as unity — 

1st. Tri-phase converter — 

Volts between collector-rini? and neutral point = — :^ = 0*354 

"" ^ 2\/2 

1 \/3 

Volts between adjacent collector-rings = —7= sin 60°= r— 7^ = 0*612 



\/2 



2\/2 



N 
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Amperes per line = ^^— 

Amperes between adjacent lines = ^-^ — g^ = — ^ 
2nd. Quarter-phase converter — 



= 0-943 



= 0-545 



Volts between collector-ring and neutral point = — -p = 0*354 
Volts between adjacent collector-rings s — 7= sin 45° s j^ = 0*5 



Amperes per line = — j- 

\/2 



= 0-707 



Amperes between adjacent lines = -^, — -^ = 05 

We can, for reference, tabulate the results thus obtained as 
follows, R.M.S. values being given throughout : — 



Volts between oolleotor-ring 
and neutral point .... 

Volta between adjacent ooUeo- 
tor-ringB 

Amperes per line 

Amperes between adjacent lines 


Continuoiu 
current. 

1 
1 

1 


Single 
phase. 


Three 
phase 


Quarter 
phase. 


ii-pbaae. 


0354 
0-7o7 
1-414 
1414 


0-354 
0612 
0948 
0-545 


0-354 
0-5 
0-707 
0-5 


1 1 i 1 



The ratios found above between the E.M.F.s on the direct and 
alternating-current sides of a rotary converter are calculated on the 
assumption that the induced alternating E.M.F. follows the sine 
law. This is approximately the case, since the aimature of a 
converter contains a distributed winding. 

The ratio between the P.D.s between the commutator-brushes 
and the collector-rings respectively will, as a rule, not quite agiee 
with the values given above, since there is a drop of volts in the 
converter armature ; and also from the result of armature reaction 
when the alternating current is not in phase with the P.D. between 
the collector-rings. 
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Heating of Armature of Eotary Converters. 

122. The current flowing in the armature conductors of a 
rotary converter is the difference between the currents on the 
alternating and direct current sides. 

Mr. C. P. Steinmetz has shown in the paper referred to above 
that the ratio of the total eneigy lost in the armature of an n-phase 
converter with unit power-factor to that lost in the same machine 
as a direct-current generator at the same output is — 

' +lA* (7) 



n* sin-* - 
n 



On giving numerical values to n, we see that, taking the heat- 
ing of the direct-current armature as unity, that of the machines 
used as a converter is: (1) single phase, 1'37; (2) three phase, 
0-555 ; (3) four phase, 0-37. 

When, however, the power factor is not unity, but equals cos ^, 
the ratio of the total energy lost in the armature of an n-phase 
converter to that lost in the armature when running as a direct- 
current generator at the same output is — 

8(1 + tan« ») ^ ^ 16 ^g^ 

n 

The proof of these formulae is given in the Appendix. 

We see, therefore, that, excepting the case of the single-phase 
converter, a greater output can be obtained from a converter than 
from a generator of the same size for the same permissible rise of 
temperature. 



PROBLEMS ON CHAPTER XV. 

1. What is the amount of energy wasted per second in the armature of a 
tri-phase rotary converter, the power factor being unity, whose armature resist- 
ance is 0-01 ohm, and which gives 100 amperes on the direct-current side ? 

Answer, 56-4 x 10^ ergs per second. 

2. What is the energy lost per second in the converter in Question 1, if the 

power factor is -^, and what if the power factor is J ? 

Answers, (1) 96-9 x 10^ ergs per second; (2) 412 x 10^ ergs per second. 
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3. The ratio of the watte lost in the armature of an n-phase rotary converter 
with power factor unity to the watte lost in it when running as a direct-current 
machine, ii 



i-.i-n 



ti* sin' - 
n 



For what value of n is this a muiimum ? 



3r 



Answer. « » oo, or n = ^ + m* 

where m is any positive integer. 



CHAPTER XVI. 

Different Systems of Transmission of Energy — Comparison of Costs of 
Transmission Lines with Different Systems. 

Tkansmission of Enekgy. 

123« In the transmission of electrical energy over long distances, 
it is of importance to consider the cost of the line, which, unless 
due precaution is taken, may be such as to make the outlay pro- 
hibitive. 

If energy is transpaitted by continuous currents at E volts, we 

have — 

^/= W (1) 

where W is the power in watts transmitted, and / the current in 
amperes. 

It is seen, therefore, that the higher the voltage, the less the 
current for a given power transmitted. Thus, to economically 
transmit power over long distances with a reasonable efficiency 
demands that the voltage of transmission should be as high as 
possible consistent with other controlling conditions, the chief of 
which is the quality of the insulation attainable. 

124. To further illustrate the case, suppose that it is desired 
to transmit W kilowatts over a distance x centimetres with an 
eflSciency of transmission ij. Let us compare the cost of the trans- 
mission lines according as the transmission is effected (1) by con- 
tinuous currents, (2) by mono-phase alternating currents, (3) by 
di-phase currents with four wires, (4) by di-phase currents with 
three wires, one being a common return, (5) by tri-phase currents 
mesh-grouping, and (6) by tri-phase currents star-grouping. 

Since the eflSciency is ij, if we let E be the voltage at the 
generating end of the line, that at the receiving end will be ii\E, 
and the watts lost in the line will be — 

{l-ri)EI (2) 
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where / is the current in amperes, given by — 

EI^ W 

in the case of continuous currents, or mono-phase currents with 
power-factor unity. 

Let R be the total resistance of the line ; then for two line- 
wires only — 

where A is the cross-section of the line conductor, and p the 
specific resistance. 

Also, the volume V of the conductor, which we will take to be 
proi>ortional to the cost, is given by — 

V 1=2 Ax 



therefore — 






^ 2A.C 






We therefore have — 




(1- 


n)E = RI 

~ V ' E 


that is — 






' - (1 - r,)E^ 



This shows that the volume of copper in the line- wires for con- 
tinuous currents, or mono-phase currents with power-factor unity 
for a given power to be transmitted over a given distance at a 
given efficiency, is inversely proportional to the square of the 
voltage of transmission. Thus the volume of copper required for 
continuous currents and for mono-phase currents is the same. 

125* In the ease of di-phase currents with four wires, it is 
obvious that the current in each wire is one-half that of the 
current in a mono-phase system with the same voltage for the 
same power transmitted, so that the total volume of copper is 
the same. 

AVhen, however, di-phase currents with a common return are 
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used, and a voltage E between the common return and either of 
the other two wires, then the current in the common return is 
'\/2/, where / is the current in either of the other two wires ; and, 
working at the same current density throughout, if the resistance 
of either outside conductor is R, that of the common return 

is — 7=, The loss in the lines is therefore — 
\/2 

PR + 725 + 2P-^ 

\/2 

= 72i?(2 + \/2) (4) 

Also the total power transmitted is — 

2IE 

If the same power is transmitted by a mono-phase system at 
the same voltage, with the same loss, the mono-phase current I' 
is given by — 

I'E = 2IE 
or — 

/' = 2/ (5) 

If R is the resistance of each mono-phase line-wire, we must 
have — 

2Rr^ = KP{2 + \/2) 
that is by (5) — 

SRP = PR(2 + \/2) 
or — 

"-^^ («) 

Thus each outside wire is ^r— — j^ times as large as each 

2 + \/2 ^ 

mono-phase wire, and the common return -^—r — -^ times as large. 

Thus, taking the amount of copper in the mono-phase, or in the 
direct-current, system as unity, that required for the di-phase 
system with common return under the same conditions is — 

2±V2 2 + V^ ^ 
8 8\/2 

or, for the same power transmitted and loss in the line, di-phase 
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currents required 0*729 of the copper necessary in mono-phase 
current transmission. 

126« In the case of a tri-phase installation, mesh-wound, the 

current in each limb of the mesh is —7= the current, /, in the line 

(see § 104). The power absorbed in one limb is, therefore, '-y^IE 

where E is the voltage between the lines. The total power 
transmitted is, therefore, y/ZIE. Hence, if the same power is 
transmitted, as by a mono-phase system, the tri-phase current per 

line- wire is — ^. where / is the mono-phase current. Now let R 

be the resistance of each of the mono-phase wires, and Ri that of 
each of the tri-phase wires ; then for the same loss — 

2RP = 37?i^ = RP 
that is — 

^1 SS ZiR 

or each of the wires on the tri-phase system has one-half the cross- 
section of each wire on the mono-phase system. That is, the volume 
of copper required in the tri-phase system, mesh-wound, is 0*75 that 
required on the mono-phase system for the same voltage between 
the lines, the same power transmitted, and the same loss in the lines. 

Consider now a tri-phase system star- wound. 

In this case the voltage between any two line-wires is v^S times 
the voltage in one limb of the star while the current in any line- 
wire is the same as that in the corresponding limb. 

If, therefore, E is the voltage between any two line-wires, the 
whole power transmitted is y/iEL Hence, as in the case of a 
mesh-wound system, the amount of copper required is 0*75 times 
that required in a mono-phase system with the same voltage, 
distance, eflSciency, and power transmitted. 

127. We can tabulate these results as follows : — 

Comparison of Amounts of Coppeb rxquirid for Line- wires for Transmis- 
sion OF same Amount of Power, at the same Line Voltage over Equal 
Distances, at the same Efficiency. 

Continiious currents 1 

Mono-phase onrrents 1 

Di-phase oorrents with four wires 1 

Di-phase onrrents with three wires 0*729 

Tri-phase currents with mesh-grouping 0*75 

Tri-phase currents with star-grouping 0*75 
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128. The above table is deduced on the basis of transmitting 
equal amounts of power over equal distances at equal differences 
of potential between line- wires and at the same percentage line loss. 

If the voltages of transmission are so great that the question 
of insulation becomes of importance, the basis of comparison has 
to be altered, since now the limiting factor is the maximum 
voltage between any two Une- wires. Under these, conditions, a 
di-phase three-wire system would require 1*457 times the copper 
of a mono-phase system, since the potential difference between the 
two outside wires is \/2 times that between either outside 
wire and the common return. 



PROBLEMS ON CHAPTER XVI. 

1. A tri-phase generator is used to transmit 1000 kilowatts over a distance of 
50 miles at 10,000 volts. Calculate the weight of copper in the lines if 20 per 
cent, of the energy is lost ii* transmission. 

Answer, 133 tons, nearl}'. 

2. If the generator in Question 1 has an efficiency of 94 per cent, and feeds a 
transformer of 98 per cent, efficiency at the other end of the lino, what is the 
efficiency of the system, and what is the output of the transformer? 

Answers. (1) 73*7 per cent. ; (2) 784 kilowatts. 

3. What would be the weight of copper in Question 1 if it were mono- 
phase? 

Answer. 177 tons, nearly. 



CHAPTER XVII. 

Measurement of Power— The Wattmeter — Three- voltmeter Method — Three- 
ammeter Method~-A Dynamometer Method — ^Measurement of Power in 
Tri-phase Circuits. 

Thb Measurement of Power in Alternating-current 

Circuits. 

129« We have seen (§ 28) that the power given to an alter- 
nating-current circuit ia ei COB where e is the R.M.S. potential 
difference between its terminals, i the B.M.S. current passing 
through it, and the difference of phase between the current and 
potential difference. 

It is obvious, therefore, that the power cannot be measured by- 
means of an ammeter and a voltmeter, since the product of their 
readings is only ei. 

180. The Wattmeter. — The instrument most generally 
used for the measurement of power is called a Wattmeter, and, 
as explained in Chap. V., consists generally of two coils of wire 
placed symmetrically with regard to each other, with their respec- 
tive planes at right angles to each other. One coil, usually the 
larger one, is wound with thick wire and is fixed in position, 
while the other coil, wound with thin wire, is suspended inside 
the thick wire coil, and is attached to a torsion head by means 
of a silk thread and a fine phosphor-bronze spiral. The thick coil 
is placed in series with the circuit, the power given, to which is 
to be determined, and the thin coil is placed in parallel with the 
circuit. The thin coil should have a very high resistance so as 
to take a negligibly small fraction of the current in the main 
circuit, and should have as small a self-induction as possible. 

When the wattmeter is in circuit the movable coil rotates 
through an angle depending upon the product of the field strengths 
due to the currents in the two coils. The thin coil is brought 
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back to its original position, with its plane normal to that of the 
thick coil, by means of the torsion head. The angle through 
which the torsion head has to be rotated is proportional to the 
couple necessary to balance the couple due to the mutual action 
of the two currents, hence — 

c0 = V (1) 

where ii is the current in the thick coil and i that in the thin coil 
and c is a constant. 

If the thin coil is non-inductive — 

e = H (2) 

where r is its resistance, so that is proportional to eii, that is to 
the power given to the circuit. If, however, the thin coil is 
inductive, a correction has to be applied, since then the current i 
is not in phase with the potential difference between its terminals, 
and is also less than it would be if it were non-inductive. 
We proceed to determine this correcting factor. 

131. Detepmination of the Coprection Factop 

of a WattmeteP. — Let -Zi, n, ii be respectively the self- 
induction, resistance, and E.M.S. current of the circuit, the 
power given to which is to be measured, and let i, r, i be 
respectively the self-induction resistance, and E.M.S. current 
of the thin coil of the wattmeter, also let p = 2Trn, where n is 
the frequency of the supply current, and e the E.M.S. potential 
difference between the common terminals of the two circuits. 
Then using vector methods — 



ii = 



Vi + kpLi 
(ri - kpLi)e 



and — 

. _ (r — kpL)e 

Now, the true power given to the circuit is the scalar product 
of ii and e, that is — 

Tme power = ^^,_^_^^^ a (3) 



(4) 
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Also, the power, as measured by the wattmeter, is the scalar 
product of ti and ri, that is — 

Measured power = scalar product of — 

(n - kpLi)e , r(r ^hpL)e 

_ r(rri + p^L L\)«? 

~ ("r? + ;>%«j(>«T?^) • • • • 
Therefore — 

Measured power x 0~^'^>^ = rTTT^^ 

= tpue power. 

The correcting factor is therefore — 

rirri + p^LLi) '^1+^TiT 

L L 

where T=z and Ti=: -^- are the time constants of the two circuits 
r ri 

respectively. 

It is seen from this that if the thin coil of a wattmeter has 
any self-induction the correction factor depends upon the self- 
induction of both circuits, unless — 

1 +p^l^= 1+p^TiT 

That is, the correcting factor will be unity, if — 

that is, if — 

T=:0 

or — 

Since, however, Ti is usually unknown, though it can be 
determined, it is best to wind the thin coil of the wattmeter so 
that T is as small as possible. This is done by inserting in series 
with the thin coil a high non-inductive resistance. 



Other Methods of measuring Power. . 
132. Thpee-voltmetep Method*— Let, in Fig. 78, 

AB be an inductive circuit in series with a non-inductive 
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resistance BC, Let v\j v% and v be the corresponding instantaneous 
value of the P.D. between the terminals of ABy BG, and AG 
respectively. Then we have — 

and squaring — 

v^ = v^ + v^ + 2t;i«?2 
therefore — 

where r is the resistance of the circuit BG. 



A B r 

nrnrinfTirrrinnriNAAA^ 




Fig. 78. 



^. 



Now, — is the current flowing through AG, therefore the power 
given to AB is — 

where F", Fi, V^ are the R.M.S. value of v, vi, and ^2 respectively, 
and T is the periodic time of the currents. 

Therefore, the power given to an inductive circuit, AB, can be 
measured by placing a non-inductive resistance, r, in series with it, 
and applying the above formula, which necessitates taking simul- 
taneous readings of three voltmeters. It can be shown that, for 
the greatest accuracy, it is advisable to make Vi equal to V^. 

183. Thpee-ammetep Method.— Let BG (Fig. 79) be 

the inductive circuit, the power given to which is to be measured. 
Let r be a non-inductive resistance in parallel with BG. 

Let Ai, A2, As be three ammeters arranged as shown, and 
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giving simultaneotts readings /i, /& h, and let ii, ig, is be corre- 
sponding instantaneous values. 
Then— 

i\ = H + H 

therefore — 

ii^ = ta^ + ia^ + 2hh 

therefore — 



i\. 



THH = 2^ii^ - ^ - V) 



■G: 



Fio. 79. 







B 



But n2 is the instantaneous P.D. between B and (7, therefore 
the power given to BG is — 

where T is the periodic time of the currents. That is, the power 
given to BG is — 

Unlike the three-voltmeter method, this method requires extra 
cuiTcnt, but not additional voltage, and is, therefore, sometimes the 
more convenient method of the two. 

134. A Dynamometep Method.— An electrodynamo- 
meter is similar in construction to the wattmeter, except that the 
two coils are constructed of wire of the same thickness, and are 
usually connected in series, so that the same current flows through 
both, in which case the dynamometer reading multiplied by a con- 
stant gives the mean square value of the current. 
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The two coils of the dynamometer can, however, be separated, 
and two independent currents be sent through them. The reading 
is then proportional to — 

/1/2 cos d 

where 1%, 1% are the B.M.S. values of the currents, and Q the phase- 
difference between them. When used in this way, it is called 
a split, or divided coil, dynamometer. 

Let, in Fig. 80, BG be the inductive circuit, the power given to 
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which is to be measured. Let r be a hon-inductive resistance, JDi 
a dynamometer, D^ a split dynamometer. 

Let i, ii, and ia be the corresponding instantaneous currents in 
the main circuit, the resistance r, and the circuit BC respectively, 
then — 



therefore — 



ii = I — 



riii^ = rii^ — ri^ 



But r, ii, ^2 is the instantaneous power given to BG, therefore the 
power, Wy given to BG is — 

= r2>2 - rA = r{I)% - A) 

where T is the periodic time of the currents, and A, A the 
readings of the two dynamometers. 
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The Measurement of Power in Tri-phasb Circuits. 

185« The following theory, due to Mr. A. Bussell,* gives 
methods of measuring power in tri-phase circuits : — 

The Measurement of Power in Three-phase 

CireuitS* — Suppose that there is both a mesh and a star wind- 
ing as in Fig. 81. Let ai, a% and Os; ii, i^t and i^; i^i^ and i, be 
the instantaneous values of the currents in the mains^ in the 
mesh winding and in the star winding respectively. 
Then— 

ai = is - *s + K 
Oa = t'l — ta + ty 
Os s is — t'l + t„ 
/. ai + Oi + Os = t, + ty + i, = 

Let w be the instantaneous value of the watts, then — 



Now — 
and — 
also— 



i, = - iz - i. 



vi - t?2 = ^is- 

/. w = Vi.a(ia -in + i,) + Vs-^H - ti + iu\ - (1) 

By symmetry — 

=s ^1.2^1 + %2^] 

= va.8«2 + vi.saij .(2) 

= t?31% + ^2.102) 

Similarly — 

w = i;iai + v^2 + v^s (3) 

The formulae (2) and (3) give the ordinary methods of measuring 
power in three-phase circuits. 

The first method is to use two wattmeters. The ampere coil 
of one of them is put in the main ai, and the volt-coil is connected 
across 1 and 2. The ampere coil of the other is put in the main 

* « The Elements of Three-phase Theory," by A. Bossell, M A., Electrician^ 
vol. xlvii. pp. 639-643, August 16, 1901. The author wishes to express his 
indebtedness to Mr. A. Bussell and The Electrician Printing and Publishing 
Company, Limited, for kind permission to reproduce the text and diagrams of 
§ 135, and also for the loan of the blocks. 
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Os, and the volt coil is connected across 3 and 2. Suppose that Wi 
is the reading on one meter and that W2 is the reading on the 




Fig. 81. 



other, and suppose that Wi is greater than w^ Then the watts 
given to the circuit are wi ± w^. If the phase difiference between 
ag and %2 is less than 90°, w^ is positive, but if greater than 90° 
W2 is negative. It is easy to find out experimentally whether w^ 
is positive or negative. 

The second method is to use three wattmeters, their ampere 
coils being put in the main circuits and their volt coils across 
and 1, and 2, and and 3 respectively. 

These methods also apply when the windings are as in Fig. 82, 
where 1, 2, and 3 are the terminals for the mains. 

Let ei, 62, and e^ denote the P.D.s between 1 and Z, 2 and M, 
and 3 and N respectively. 

Then— 

W = ei^i + ^202 + «3^ + ^LM^l + ^NM^S 
= (ei - 62 + ^Lm)^! + («8 - «2 + «^Nm)^ 

= ^12^1 + %2% as before. 
Similarly— 

W = Ciai + e^l2 + «8«3 + ^LO^l + ^MC^ + '^^NO^ 

= vxdx + V2(i% + VaOa 

It is to be noted that if all the mains are equally loaded, one 
meter is sufficient. If the volt coil be connected across two of the 
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mains we multiply the reading by 2. If it be connected from one 
main to the centre of the system then the multiplying factor is 3. 
An important case is when the volt coil of the meter forms 
one of the arms of a star*box. If the three arms are of equal 




Fio. 82. 

resistance, the multipljdng factor is 3. If, however, as is often 
the case in practice, the resistance of the volt coil be different from 
that of the other two arms, then it is known that the multiplying 

T 

factor is 2 + ip where R is the resistance of the volt coil and r 
that of either of the other arms of the box. 




Fio. 83. 
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This formula can be easily proved as follows: Let ABC 
(Fig. 83) be the voltage triangle. Then if be the centre of 

gravity of masses -g, -, and - placed at A, B, and C respec- 
tively, OA, OB, and OC will be the three P.D.s to the centre of 
the star-box. 

Also by 11. (5)— 



OA 



::0A^2 + ^y= 3.AB^=:9.GA^ 



^ 



where G is the centre of gravity ol the triangle ABC ; 

Now, if the arms had been equal GA would be the P.D. across 

GA 
the volt-coil. Hence the required multiplying factor is 3tj-j, and 

T 

this we have shown equals 2 + ;p- 



MISCELLANEOUS EXAMPLES. 

1. If a coil of resistance r and self-induction L is subjected to an alternating 
P.D. e of varying frequency, and if «!, Wj, and tj, tg, are corresponding values of 
frequency and current, show that 

(1) r = 

(2) Z = 

2. If an inductance coil is subjected to an alternating P.D. of varying fre- 
quency, and if 2\, T^, T^, and «i, »2> H *re corresponding values of periodic time 
and current, show that 

•^1 •'2 -^3 _ *1 *2 ^8 

-'2 -^3 -^1 *2 '8 M 

• 3. An induction motor takes 75 amperes at full load when its power factor is 
0*83, what is (1) the energy current and (2) the wattless current ? 

Answers, Energy current = 62*25 amperes. 

Wattless current = 41*86 amperes. 

4. What is the capacity of a condenser which allows a current of 1 ampere 
to pass, when a P.D, of 1000 volts, having a frequency of 100 alternations per 
second, is applied between its terminals ? 

Ansioer. 1*59 microfarad. 



e 


V*2^ - 


«!*'? 




«1 


9-** V 


«. 2 
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6. If A non-tndacti?e resistance r, a resistanceless inductance L, and a resist- 
anceless capacity C, are placed in parallel on a circuit of frequency n, what is 
(1) the equivalent resistance, (2) the equivalent reactance, (3) the impedance of 
the arrangement? 

An»wtrt. (1) Equivalent resistances = i ^ 



(2) E<]niTa]ent reactaiico 



(3) Impedance 



pL. 

1 



V&*("'-fi 



-^r 



where p = 2«n, n being the frequency. 
6. Find the current in each branch of the arrangement in Question 15, and 

also in the main circuit if pC = -jj and if « = 100, r = 10 ohms, L = 0-05 

henfy, and if the applied P.D. is 50 volts. 

w4fMiaer. Current in non-inductive branch = 5 amperes. 

Current in inductive branch = 1*5915 amperes. 
Current in condenser branch = 1*5915 amperes. 
Current in main circuit = 5 amperes. 

7. An inductive resistance fj, whose self-induction is L, is placed in series 
with a condenser of resistance r, and capacity C in a circuit of frequency n. 
Find the condition that the P.D. between the condenser terminals may be 
double of that between the terminals of the inductance. 

4 

Answer. 4rj« - r^* = p^L* - ^^ 

where ji = 2»n. 

8. A non-inductive resistance r^, an inductive resistance r,, whose self- 
induction is X, and a condenser circuit whose resistance is r„ and capacity C 
are connected (1) in series, and (2) in parallel. What is the power absorbed in 
the two cases when an alternating P.D. of e volts is applied between the ter- 
minals of the arrangements, the frequency being n periods per second ? 

Answers. (1) Power given to series arrangement — 

f^(r^ + r, + rs) 



(2) Power given to parallel arrangement-— 
where p = 2irw. 
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9. A non-inductive resistance of 5 ohms is connected in parallel with a 
resistanceless inductance of 0*1 henry, and with a capacity of 20 microfarads. 
If the P.D. is 100 volts, what must he the frequency if the current in the main 
circuit is (1) 20 amperes and (2) 40 amperes? 

Anstoers, (1) 112*5 periods per second. 

(^2) 4*6 or 2761 periods per second. 

10. A non-inductive resistance of 10 ohms is placed in parallel with a resist- 
anceless inductance, the P.D. heing 100 volts, and the frequency 50 periods per 
second. If the main current is 15 amperes, what is the value of the inductance ? 

Answer, 0*02847 henry. 

11. A non-inductive resistance of 5 ohms is placed in parallel with a con- 
denser, the P.D. heing 100 volts, and the frequency 100 periods per second. If 
the main current is 21 amperes, what is the value of the capacity ? 

Answer, 102 microfarads. 

12. An inductance coil, whose resistance is 5 ohms, and a condenser circuit, 
whose resistance is 10 ohms, are placed in series on a 50-frequency circuit : 
the P.D. between the terminals of the condenser circuit is found (o be 10 times 
that between the terminals of the inductance coil. If the inductance is 0*01 henry, 
what is the value of the capacity ? 

Ansiver. 64*8 microfarads, nearly. 

13. A 4-pole polyphase induction motor running on a 50-frequency circuit, 
and at a maximum induction in the iron of 14,000 lines per square centimetre, 
has, when running on full load, a slip of 5 per cent. The dimensions of the 
stator are: internal diameter 10 inches, external diameter 16 inches, axial length 
8 inches, and those of the rotor diameter 9f^ inches, axial length 8 inches. 
Allowing 15 per cent, for the insulation of the stampings, compare (1) tlie 
hysteresis losses, (2) the eddy current losses, and (3) the total iron losses in the 
stator and rotor respectively. 

Ansv/ers. (1) 8 : 1, nearly ; (2) 160 : 1, nearly ; (3) 116 : 1, nearly. 

14. The resistance of a coil of an armature is 7*5 x 10"^, and its self-in- 
duction is 0'000025 henry, and the current passing through it is 400 amperes. 
As it passes under the brush a reversing E.M.F. of 2*5 volts is applied to it. 
How long must the coil be short circuited before a reversal of current takes 
place ? 

Answer, 0008 second. 

15. If a steady P.D. is applied between the terminals of a circuit whose 
resistance is 5 ohms, and self-induction 0*005 henry, how long will it take for 
the current to reach 0*75 of its steady value ? 

Answer, 0*001395 second. 

16. If four coils whose self-inductions are 0*1, 0*01, 0*05, and 0*001 henry 
respectively, and whose resistances are negligible, are connected in parallel, what 
is the self-induction of the combination ? 

Answer, 0*000885 henry, nearly. 

17. If the coils in question 18 have resistances of 10, 1*5, and 0*1 ohms re- 
spectively, what is (1) the equivalent resistance, (2) the equivalent self-induction, 
(3) the impedance of the parallel arrangement, the frequency being 100 periods 
per second ? Take ir^ = 10. 

Answers, (1) 0*011256 ohm ; (2) 0*000795 henry; (3) 0*57 ohm nearly. 
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18. What capacity must be placed in (1) parallel, and (2) in series with 
the arrangement in qnestion 17 to produce resonance? 

Atuwers. (1) 3134 microfarads ; (2) 3184 microfarads. 

19. Two circuits of 100 ohms and 0*1 henry self-induction, and 50 ohms and 
20 microfarads respectively, are connected (1) in series and (2) in parallel. 
Find the total currents, and also the difference of phase between the P.D. and 
current in the two cases, the P.D. being 1000 volts, and the frequency 50 periods 
per second. 

Jntwers. (1) 5-076 amperes, 40° 20^ lead. 

(2) 11-26 amperes, W 40^ lead. 

20. An induction motor takes 75 amperes on full load, when its power factor 
is 0*83 : what is (1) the energy current, and (2) the wattless current? 

AnswfTB, Energy current = 62*25 amperes. 

Wattless current = 41*85 amperes. 

21. What capacity placed in parallel with the induction motor in Question 20 
will make the power factor 0*9 on a 500- volt 50 frequency circuit? 

Aruiuer. J4'44 microfarads, nearly. 

22. What capacity placed in parallel with the induction motor in Question 21 
will make the power factor unity if the frequency is 100 cycles per second ? 

An$wfr. 133*2 microfarads, nearly. 
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APPENDIX A. 
Solution of the equation (see § 15, Chap. II.)— 

L-j +ri = e (1) 

wliere e is constant. 

The equation may be written in the form — 

— a. ^' — ^ 



rt 



Multiplying throughout by e ^, where e is the base of the Naperian 
logarithms, we get — 

^ di , r . ? e ^ 



or — 






the integral of which is — 

ie^ = V+a (2) 



re ^rt 



r 



where C is a constant, whence — 



e 



i=-l+C, ^ (3) 

To determine the value of C, we must remember that t = when 
^ = 0, therefore from (3) 

0=;+C (4) 
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Substitating the value of C given by (4) in equation (3) we get — 



e. 



t-^l-€ '-) (5) 



which gives the value of i at every instant of time. 



APPENDIX B. 
Solution of the equation (see § 21, Chap. III.)— 

Lj^ + rt^e^mpt (i) 

Writing the equation in the form — 

r}d% . r.r* « « . 

we get — 

• - eft*. 

««^ =2J*^ ^^^^^ • • • • (2) 

To determine the integral in equation (2) we proceed as follows- 
Since — 

cos pt + k sin pt = €^ 

where A s= \/ — 1, we have — 

f ft f rt 

J c^(cos pt + ksixL ptyit = Jt^'h^dt 



1 



*^^**'>' + c 



where C is a constant — 



l + hp 



u ^ (cos pt + k sin pt) + C 
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Equating the imaginary parts, we get — 

f rt I 

}^ Bmptdt = -2-^ 1^ sin j?^ - p cos j?^| + C 

O being a constant 

rt 



1^+p^L* 



{r sin pt — pL cos pt) + C 



■^*^=-r-: sin {pt-B) + C . . . (3) 



where — 

tane=^ 
r 

Substituting this value of the integral in (2) we get, after dividing 
by ^— 

rt 

As t increases e'^ rapidly diminishes and tends towards the 
value zero, so that a steady periodic state is given by the 
equation — 

^ e sin (pt - 0) .g. 

^r^+p^L^ ^ ^ 



APPENDIX C. 
Solution of the equation (see § 24, Chap. IV.)— 



%^+4l + J = -P'^^'-P^ .... (1) 

The simplest method of solution here is to assume that i is of 
the form — 

t = / sin (pt — 0) 
so that — 
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Equation (1) can then be written — 

and the solution of this, giving the steady periodic state, is by 
(Appendix B) equation (5)— 






l)e sin ^^< + ^ - e\ 



where — 



or- 






i= /"^(r^-f) — .... (2) 



V|'^M^>^T1 



where — 



tan ^ = tan ( ^ — 9 ) 

= S£ (3) 



APPENDIX 1). 

Detepmination of equivalent pesistance, pe- 
actance, and impedance of n mutually peactive 
cipcuits in papallel. 

Writing M„ for s„ the equations are (see § 47, Chap. VIII.) — 

nil + kpMiiii + kpMig(i2 + kpMisis + . . . + kpMiX = « 
JcpM^iii + rgia + hpM^ + kpM^i^ + . . + hpM^i^ = e 
kpMsiii + hpM^i^ + rst's + hpM^i^ + . . . + kpMsJ^ = « \ . (1) 



kpMniii + kpM„ii2 + kp3f^is+ . . . + r„i„ + kpMnJn = « 
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Multiplying equations (14) by /•;, and changing signs throughout, 
we get — 

{pMu - kriyii + pMuH +pALv&H + . . . + pMuK = - A;« 
pM^ii + {pM^ — ATa)t2 + pM^is + . . . + pM^i^ = — Are 
pMsiii +pM^i2 + (pJfss - krQ)is + . . . + pM^i^ = - ke ) . (2) 



pM^ii + pMJk + pM^^H + . . . + (i?3f„„ - Zt^K = - ke 



therefore — 



ii = 



N 
I) 



where — 



i\^ = 



ke, pMi2, pMis, .... 
ke,pM^ — kr^ypM^y 
ke, pMfo^, pMsa - Arg, 



P^2n 
P^Sn 



and — 



- ke, pM^, pM^ . . . pM^,, 



kr^ 



D=: 



pMu - kri, pMi2y pMis, . . . pMu 
pM^, pM^ -r hr^, pM^, . . . pM^ 
pMsi, pMfQ,pMfei - kr^, . . . ^Jfa« 

pM^i, pM^, pM,a, . . . pM„„ - kr„ 



Now — 



N=z ^ke 



1, pMu, pMi3, pMi„ 

1, pMsa - kr2, pM^^y . . . pMi„ 
1, pMg^y pMm - At8, . . . pMs„ 



= - ke{A' 
where — 



1, jpJf^, pM^, . . . i)M„„ - kr„ 



A' = 



l,pMuypMis, . . . pMu 
l,pM^,pM3A, . . . pM^n 
l,pM^,pMm, . . . pM^ 



. pM^ 



(3) 



. (4) 



. . ^«} 



(5) 



l,pM^,pM^, . 
and A'« is A' with the sth row and column erased 

A'^ is A' with both sth and ^th rows and columns erased, 

and so on 
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and 2v is the sum of all possible products two at a time, 

and so on. 
Put— 

and — 

A' + A*2r,r,A'^ + . . . = ^i 
80 that — 

N = t{Ai - ]cB{) 
Again — 
i) = A - &^/-.A. + A*Sr.r,A^ -...+(« ly-'hrnr^ . . 

where — 



T 



As 



;>ifu, ^Afia. jp^V 18, . . . pMu 
pM%i,pM^pM^, . . . pjf%, 
pM^u l^-Wffl, pMmy . . . ^Jfa- 



• • • 



(6) 



'nn 



^.lO, |?if^ pM^, . . . jp J/h 
A« is A with the 5th row and column deleted, and so on. 

Put— 

A + A^^r/ A^ + . . . = JT 



and — 
therefore — 

Thus— 



^r,A, + A?Sr,r,r,A^ + . . . = F 






Note that A' contains no term in 7*1. 
Let A%, A^ etc., 
B^ Bfh etc., 

be the values corresponding to Ai, Bi when the 2nd, 3rd, etc., 
columns only of A are composed of I's. 
Then— 

i = ti + ia + is + •. . . +K 
_ e{(^i + ^a4-^8+ ... +A^)'-k( Bi + B^, + Bs+ ... +BJ) 
"" A--kY 

Putting — 

A =: A1 + A2 + Aq+ . , . + A^ 
B ^= Bi + B2 + Bs + . . . + B„ 
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we got- 






e(A - kB) 
X-kY 



~XA + YB + k{J[£ - YA)' ' ^' 

Therefore the equivalent resistance, B, and equivalent react- 
ance, S, are respectively given by — 

XA + YB 



B = 

S = 



A^ + B^ 
XB- YA 



A^ + B» 
and the impedance, /, is — 






{JCA + YB f + {XB - YA) \^ 



_ /X^ + Y^ 
A^ + B^ 



(9) 



APPENDIX E. 

DiSTBIBUTED CAPACITY. 

When electrical energy is transmitted over long distances, the 

capacity of the cables has to be taken into account. The cables 

act as an infinite number of condensers in parallel. 

Let V be the potential at any point P of the cable. 

V + dVhe the potential at a neighbouring point Q. 

i be the current at P, 

i + dihe the current at Q. 

p be the resistance per unit length of the cable. 

G be the capacity per unit length of the cable ^ a; be an 

element of length and d t em element of time. 

Then— 

dV 



therefore — 



pdx 






dV 



(1) 
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Also— 

di .dt=i ^ Cdx,dV 
therefore — 

Ix'^^^lU (^) 

Differentiating (1) we get — 

d«r__ di 
dx^ "" ^dx 

by (2)- 

In the case of an infinitely long cable with an applied P.D. e 
whose periodic time is T, the solution is — 

V=ef , am -j>{t - ^y ^ . x) .... (4) 

where c is the base of Naperian logarithms and x is the distance of 
P from the point of application of e. 

Thus at every point of the cable the current leads one-eighth 
of a period before the corresponding P.D. 

For further information on this point we refer the reader to 
" Alternating Current Phenomena," by Mr. C. P. Steinmetz, and 
to *' Alternating Currents of Electricity," by Mr. T. H. Blakesley. 



APPENDIX F. 

Current in the Armature of an w-phase Eotary Converter. 

The current in the armature is, for unit power factor (§ 122, 
Chap. XV.), the difTerence between the currents on the alternating 
and continuous current sides respectively. 

The alternating current in a section whose axis makes an 
angle with that of the mean section is given by — 

ii = /i sin (jp^ - 0) (1) 
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where — 

I,^I^/Ll^2 (2) 

TT 

w Sin - 

/being the value of the continuous current between each pair of 
brushes. 

The instantaneous current in the section of the armature is 
therefore given by — 

s 

i = ii — / 

TT 

n sin - 
n 

which has a mean square value given by — 



|.JW = | 




^j | 16 ain" jpt - 6>) _ 8 sin {pt - 9) , ^ 



n^ sin-* - n sm - 



dt 



r^M 8 16 cos g ... ... 

= 1^1 „ — ....— + 1 1 (4) 



^ il 71. 

,/ 8 16 cose ^ ^v 

yn? sin^ - tt/i sin / 

This is a minimum when ft = 0, that is, in the section of the 
armature situated at the middle of each phase. It is a maximum 

fore= +•-• 

n 
To obtain the mean square current over a complete phase, we 
have therefore to take the mean value of (4) between the limits 

TT IT 

= - , and ft = , and obtain the expression — 



.^ ^ nt I ii£22i.4.iWft 

n 

= /Y— ^— +1-^^ (5) 



(8 16 cos 61 , ,v 
;r z ■*" V 
71^ sin^ - ttm sin - I 
n n ' 

1 71^ sin* - J 



n 
The ratio of the heating of the armature of an n-phase rotary 
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converter to that of the same machine giving the same outpat as 
a con tinnons- current machine is — 

+ 1 - ^ (6) 



71* sin* - 



n 

For a tri-phase rotary converter this ratio is 0*556, that is, a 
tri-phase rotary is, neglecting friction and iron losses, capable of 
giving 80 per cent, greater output for the same heating of the 
armature than the same machine used as a direct - current 
generator. 

If the power factor is cos ^, equation (1) becomes — 

ii = /i sin (p^ + ^ - fl) (7) 

the current being a leading one, and the mean square current 
now is — 

8 . - 16 . 8 tan*» 



\7i* sin* - ^ n* sin* -/ 

\ n w 



(8) 



In the case of unit power factor, ^ = 0, and equation (8) 
becomes the same as equation (6). 
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Strength and other Properties of Materials. By Bindon B. Stoney, LL.D., 
F. R.S., M. I. C. E. With 5 Plates and 143 lUust. in the Tejct. Royal 8vo. , 36J. 

UNWIN—T^Y. TESTING OF MATERIALS OF CONSTRUC- 
TION. A Text-book for the Engineering Laboratory and a Collection of the 
Results of Experiment. By W. Cawthorne Unwin, F.R.S., B.Sc With 5 
Plates and 188 Illustrations and Diagrams. 8vo., 16s, net. 

J^-4^^^^.— ENGINEERING CONSTRUCTION IN IRON, 

STEEL, AND TIMBER. By William Henry Warren, ChaUis Professor 
of Civil and Mechanical Engineering, University of Sydney. With 13 Folding 
Plates and 375 Diagrams. Royal 8vo. , i6r. net. 

WHEELER,— TH^ SEA COAST: Destruction, Littoral Drift, 

Protection. By W. H. Wheeler, M.Inst. C.EJ, With 38 Illustrations s^nd 
Diagram. Mwliura 8vo., loj. 6d. net. 
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LONGMANS* CIVIL ENGINEERING SERIES. 

CIVIL ENGINEERING AS APPLIED TO CONSTRUCTION. 
By Levbson Francis Vernon-Harcourt, M.A., M.Inst.CE. With 368 
Illustrations. Medium 8vo., 14^. net 

Contents.— Materials, Preliminary Works, Foundations and Roads— Railway Bridge and 
Tonne! Enfineering— River and Canal Engineering — Irrigation Works— Dock Works and 
Maritime Engineerinc— Sanitary Engineering. 

NOTES ON DOCKS AND DOCK CONSTRUCTION. By C. 

COLSON, C.B., M.InstCE. With 365 Illustrations. Medium 8vo., au. net. 

CALCULATIONS IN HYDRAULIC ENGINEERING: a 

Practical Text-Book for the use of Students, Draughtsmen and Engineers. By 
T. Claxton Fidlkr, M.InstC.E. 

Part I. Fluid Pressure and the Calculation of its Effects in En- 
gineering Structures. With numerous lUustns. and Examples. 8vo.,6j. 6d. net. 

Part II. Calculations in Hydro- Kinetics. With numerous Illus- 
trations and Examples. 8vo. , js, 6d. net. 

RAILWAY CONSTRUCTION. By W. H. Mills, M.I.C.E., 

fingineer-in-Chief of the Great Northern Railway of Ireland. With 516 Illus- 
trations and Diagrams. 8vo. , iSs. net. 

PRINCIPLES AND PRACTICE OF HARBOUR CON- 
STRUCTION. By William Shield, F.R.S.E., M.Inst.CE. With97 lUus- 
trations. Medium 8vo., 15^. net. 

TIDAL RIVERS: their (i) Hydraulics, (2) Improvement, (3) 

Navigation, By W. H. Whkklkr, M.Inst.CE. With 75 Illustrations. 
Medium 8va, 16^. net. 



MACHINE DRAWING AND DESIGN. 

ZO IV.— Works by DAVID ALLAN LOW, Professor of Engineer- 
ing, East London Technical College (People's Palace). 

IMPROVED DRAWING SCALES. 6d, in case. 

AN INTRODUCTION TO MACHINE DRAWING AND 

DESIGN. With 153 Illustrations and Diagrams. Crown 8vo, as. 6d. 

LOW AND BE VIS.— h MANUAL OF MACHINE DRAWING 
AND DESIGN. By David Allan Low and Alfred William Bkvis 
M.I.Mech.E. With 700 Illustrations. 8vo., 7J. 6d. 

C/NWIM— THE ELEMENTS OF MACHINE DESIGN. By 
W. Cawthornk Unwin, F.R.S. 

Part I. General Principles, Fastenings, and Transmissive 

Machinery. With 345 Diagrams, etc. Fcp. 8vo., 7s. 6d, 

Part II. Chiefly on Engine Details. With 259 Illustrations. 

Fcp. Bvo. , 6s, 
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NAVAL ARCHITECTURE. 

ATTWOOn.—T'E.XT-BOO^ OF THEORETICAL NAVAL 

ARCHITECTURE : a Manual for Students of Science Classes and Draughts- 
men Engaged in Shipbuilders' and Naval Architects' Drawing Offices. By 
Edward Lewis Attwood, Assistant Constructor, Royal Navy. With 114 
Diagrams. Crown 8vo., js, 6d. 

WATSON.— NAVAL ARCHITECTURE : A Manual of Laying- 

off Iron, Steel and Composite Vessels. By Thomas H. Watson, Lecturer on 
Naval Architecture at the Durham College of Science, Newcastle-upon-Tyne. 
With numerous Illustrations. Royal 8vo., 15^. net. 

WORKSHOP APPLIANCES, ETC. 

ArOjRT^COTT.— LATHES AND TURNING, Simple, Mecha- 
nical and Ornamental. By W. H. Northcott. With 338 Illustrations. 8va,i&f. 

SIf£LL£ v.— WORKSHOP APPLIANCES, including Descrip- 

tions of some of the Gauging and Measuring Instruments, Hand-cutting Tools, 
Lathes, Drilling, Planeing, and other Machine Tools used by Engineers. By 
C. P. B. Shelley, M.I.CE. With an additional Chapter on Milling by R. 
R. Lister. With 323 Illustrations. Fcp. 8vo., 5^. 

MINERALOGY, MINING, METALLURGY, ETC. 

£ A C/£J^MAJ\r.— Works by HILARY BAUERMAN, F.G.S. 
SYSTEMATIC MINERALOGY. With 373 Illustrations. 

Fcp. Svo. , 6s. 

DESCRIPTIVE MINERALOGY. With 236 Illustrations. 

Fcp. 8vo., 6s. 

BREARLEY and IBBOTSON. — THE ANALYSIS OF 

STEEL-WORKS MATERIALS. By HARRY Brearley and Fred 
Ibbotson, B.Sc. (Lond.), Demonstrator of Micrographic Analysis, University 
College* Sheffield. With 85 Illustrations. Svo., 14;. net. 

GORE.— THE ART OF ELECTRO-METALLURGY. By G. 

Gore, LL.D., F.R.S. With 56 Illustrations. Fcp. 8vo..6j. 

HUNTINGTON AND M'M/ZL AN— METALS: their Properties 

and Treatment By A. K. Huntington, Professor of Metallurgy in King's 
College, London, and W. G. M'Millan, Lecturer on Metallurgy in Mason's 
Collie, Birmingham. With 122 Illustrations. Fcp. 8vo., 7s. 6d, 

ZUBTON— Works by ARNOLD LUPTON, M.I.C.E., F.G.S., etc. 
MINING. An Elementary Treatise on the Getting of Minerals. 

With 596 Diagrams and Illustrations. Crown Svo. , 9^. net. 

A PRACTICAL TREATISE ON MINE SURVEYING. 

With 209 Illustrations. 8vo., 12s. net. 

^Zffi^Z).— METALLURGY. By E. L. Rhead, Lecturer on 

Metallurgy at the Municipal Technical School, Manchester. With 94 Illustra- 
tions. Fcp. 8vo., 3J. 6d. 

RHEAD AND SEXTON— ASSP^INQ, AND METALLUR- 
GICAL ANALYSIS for the use of Students, Chemists and Assayers. By E. L. 
Rhead, Lecturer on Metallurgy, Municipal School of Technology, Manchester ; 
and A. Humboldt Sexton, F.I.C, F.C.S., Professor of Metallurgy, Glasgow 
'and West of Scotland Technical College. Svo. , lo; . 6d. net. 

RUTLEY.— THE STUDY OF ROCKS: an Elementary Text- 

book of Petrology. By F. Rutley, F.G.S. With 6 Plates and 88 other Illus- 
trations. Fcp. 8vo., 4J. 6^. 
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ASTRONOMY, NAVIGATION, ETC. 

^-ffjffOrr.— ELEMENTARY THEORY OF THE TIDES: 

ibe Fimdaniental Theorems Demonstrated without Mathematics and the In- 
floeoce 00 the Length of the Day Discussed. By T. K. Abbott, B.D.| Fellow 
and Tutor, Trinity College, Dublin. Crown 8vo., ai. 

^-^ZZ.— Works by Sir ROBERT S. BALL, LL.D., F.R.S. 

ELEMENTS OF ASTRONOMY. With 130 Figures and Dia- 
grams. Fcp. 8vo., 6s. 6d. 

A CLASS-BOOK OF ASTRONOMY. With 41 Diagrams. 

Fcp. 8vo., I J. 6d, 

GIZL.— TEXT-BOOK ON NAVIGATION AND NAUTICAL 

ASTRONOMY. By J. Gill, F.R.A.S., late Head Master of the Liyerpool 
Corporation Nautical College. 8vo. , 10s, 6d. 

GOOn WIN.— AZIMUTH TABLES FOR THE HIGHER 

DECLINATIONS. (Limits of Declination 24"* to yo"*, both inclusive.) 
Between the Parallels of Latitude 0° and 60°. With Examples of the Use of 
the Tables in English and French. By H. B. Goodwin, Naval IndtruOtor, 
Royal Navy. Royal Byo. , 75. 6d, 

JM:^5C^jE:Z.— OUTLINES OF ASTRONOMY. By Sir John 

F. W. Hbrschel, Bart., K.H., etc. With 9 Plates and numerous Diagrams. 
8va, X2i. 

LA C/GIfTON.—AS INTRODUCTION TO THE PRAC- 
TICAL AND THEORETICAL STUDY OF NAUTICAL SURVEYING. 
By John Knox Laughton,M. A.,F.R.A.S. With 35 Diagrams. Crown 8va, 6s, 

LpWELL, — MARS. By Percival Lowell, Fellow American 

Academy, Member Royal Asiatic Society, Great Britain and Ireland, eta 
With 24 Plates. 8vo., i2j. 6d. 

JfAjRTIM—^ AYlGATlOii AND NAUTICAL ASTRONOMY. 

Compiled by Staff Commander W. R. Martin, R.N. Royal 8vo., i8f. 

MERRIFIELD,—A TREATISE ON NAVIGATION. For 

the Use of Students. By J. Mkrrifikld, LUD.. F.R.A.S., F.M.S. With 
Charts and Diagrams. Crown 8vo. , ^. 

A4i?^^i?.— ELEMENTS OF ASTRONOMY. With Numerous 

Examples -and Examination Papers. By Gborgb W. Parker, M.A«» of 
Triiiity College, Dublin. With 84 Diagrams. 8vo. , gj. 6rf. net. 

«^iEi?^.— CELESTIAL OBJECTS FOR COMMON TELE- 
SCOPES. By the Rev. T. W. Webb, M.A., F.R.A.& Fifth Edition, 
Revised and greatly Enlarged by the Rev. T. E. Espin, M.A., F.R.A.a (Two 
Volumes.) Vol. I., with Portrait and a Reminiscence of the Author, 2 Plates, 
and numerous Illustrations. Crown 8vo., &r. Vol II., with numerous Illustra- 
tions. Crown 8vo. , ts. 6d, 
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WORKS BY RICHARD A. PROCTOR. 

THE MOON: Her Motions, Aspect, Scenery, knd Physical 

Condition. With mahy Plates and Charts, Wood Engravings, and a Lunar 
Photographs. Crown 8vo. , y, td, 

OTHER WORLDS THAN OURS: the Plurality of Worlds 

Studied Under the Light of Recent Scientific Researches. With 14 Illustrations ; 
Map, Charts, etc. Crown 8vo. , 31. 6<f. 

OUR PLACE AMONG INFINITIES : a Series of Essays con- 
trasting our Little Abode in Space and Time with the Infinities around us. 
Crown 8vo., 3^. 6<f. 

MYTHS AND MARVELS OF ASTRONOMY. Crown 8vo., 
LIGHT SCIENCE FOR LEISURE HOURS : Familiar Essays 

on Scientific Subjects, Natural Phenomena^ etc. Crowil 8vo., 3^. 6</. 

THE ORBS AROUND US; Essays on the Moon and Planets, 

Meteors and Comets, the Sun and Coloiu^d Pairs of Suns. Crown 8vo. , 31. td, 

THE EXPANSE OF HEAVEN : Essays on the Wonders of the 

Firmament Crowh 8vo. , 3;. &/. 

OTHER SUNS THAN OURS : a Series of Essays on Suns— Old, 

Young, and Dead. With other Science Gleanings. Two Essays on Whist, 
and Correspondence with Sir John Herschel. With 9 Star-Maps and Diagrams- 
Crown 8yo., 3s. fid, 

HALF-HOURS WITH THE TELESCOPE: a Popular Guide 

to the Use of the Telescope as a means of Amusement and Instruction. With 
7 Plates. Fcp. 8vo. t 2s. 6d. 

NEW STAR ATLAS FOR THE LIBRARY, the School, and 

the Observatory, in Twelve Circular Maps (with Two Index- Plates). With an 
Introduction on the Study of the Stars. Illustrated by 9 Diagrams. Cr. 8vo. , 51. 

THE SOUTHERN SKIES: a Plain and Easy Guide to the 

Constellations of the Southern Hemisphere. Showing in 12 Maps the position 
of the principal Star-Groups night after night throughout the year. With an 
Introduction and a separate Explanation of each Map. True for every Year. 
4to., 5J. 

HALF-HOURS WITH THE STARS : a Plain and Easy Guide 

to the Knowledge of the Constellations. Showihg in la Maps the position of 
the principal Star-Groups night after night throughout the year. With Intro- 
duction and a separate Explanatioji of each Map. Tfue for every Year. 
4to., y. net. 

LARGER STAR ATLAS FOR OBSERVERS AND STUDENTS. 

Ih Twelve Circillar Maps, showing 6006 Stars, 1500 Double Stan^, I^ebulx, etc. 
With 2 Index-Plates. Folio, 15s. 

OVKR, 
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WORKS BY RICHARD A. PROCTOR- a>ft/i>iM#cf. 

THE STARS I^ THEIR SEASONS: an Easy Guide to a 

Knowledge of the Star-Groups. In la Large Maps. Imperial 8vo., 55. 

ROUGH WAYS MADE SMOOTH. Familiar Essays on 

Scientific Subjects. Crown 8va, y. 6d. 

PLEASANT WAYS IN SCIENCE. Crown 8vo., 3^. 6^. 
NATURE STUDIES. By R. A. Proctor, Grant Allen, A. 

Wilson, T. Fosteb. and £. Clodd. Crown 8vo., 3^. 6d, 

LEISURE READINGS. By R. A Proctor, E. Clodd, A. 

Wilson, T. Foster, and A. C. Ran yard. Crown 8vo., y, 6d, 



PHYSIOGRAPHY AND GEOLOGY. 

^/^Z?.— Works by CHARLES BIRD, B.A. 

ELEMENTARY GEOLOGY. With Geological Map of the 

British Isles, and 247 Illustrations. Crown 8vo. , sj. 6d. 

ADVANCED GEOLOGY. A Manual for Students in Advanced 

Classes and for General Readers. With over 300 Illustrations, a Geological 
Map of the British Isles (coloured), and a set of Questions for Examination. 
Crown 8vo., 7s, 6d. 

GREEN,— ?nYS>lCM. GEOLOGY FOR STUDENTS AND 

general readers. By A. H. Grkkn, M.A., F.G.S. With 236 Illus- 
trations. 8vo., 21 J. 

MORGAN,— Works by ALEX. MORGAN, M.A., D.Sc, F.R.S.E. 
ELEMENTARY PHYSIOGRAPHY. Treated Experimentally. 

With 4 Maps and 243 Diagrams. Crown 8vo., 2j. 6d, 

ADVANCED PHYSIOGRAPHY. With 215 Illustrations. 

Crown 8vo., 45. 6d. 

TIfORNTON.— Works by J. THORNTON, M.A. 

ELEMENTARY PRACTICAL PHYSIOGRAPHY. 

Part I. With 215 Illustrations. Crown 8vo., 2s. 6d. 
Part 11. With 98 Illustrations. Crown Svo., 2s, 6d. 

ELEMENTARY PHYSIOGRAPHY: an Introduction to the 

Study of Nature. With 13 Maps and 295 Illustrations. With Appendix on 
Astronomical Instruments and Measurements. Crown Svo. , 2S. 6d, 

ADVANCED PHYSIOGRAPHY. With 11 Maps and 255 

Illustrations. Crown 8vo., 4;. 6d 
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NATURAL HISTORY AND GENERAL SCIENCE. 

BEDDARD.—TllE STRUCTURE AND CLASSIFICATION 

OF BIRDS. By Frank E. Beddard, M.A., F.R.S., Prosector and Vice- 
Secretary of the Zoological Society of London. With 252 Illus. 8vo., 21 j. net. 

FURNEAUX.—V^oxks by WILLIAM FURNEAUX, F.R.G.S. 

THE OUTDOOR WORLD ; or, The Young Collector's Hand- 
book. With 18 Plates, 16 of which are coloured, and 549 Illustrations in the 
Text." Crown Svo. , dr. net. 

LIFE IN PONDS AND STREAMS. With 8 Coloured Plates 

and 331 Illustrations in the Text. Crown Svo. , 6j. net. 

BUTTERFLIES AND MOTHS (British). With 12 Coloured 

Plates and 241 Illustrations in the Text. Crown 8vo., 6s. net. 

HUDSON.— B^lTlSn BIRDS. By W. H. Hudson, C.M.Z.S. 

With 8 Coloured Plates from Original Drawings h^ A. Thorburn, and 8 Plates 
and 100 Figures by C. E. Lodge, and 3 Illustrations from Photographs. 
Crown 8vo., 6j. net. 

MIZZA/S.— THE NATURAL HISTORY OF THE BRITISH 

SURFACE-FEEDING DUCKS. By John Guillk Millais, F.Z.S., etc. 
With 6 Photogravures and 66 Plates (41 m colours) from Drawings by the Author, 
Archibald Thorburn, and from Photographs. Royal 4to., £6 6s. net. 

JVAJVSEN — THE NORWEGIAN NORTH POLAR EX- 
PEDITION, 1893-1896 : Scientific Results. Edited by Fridtjof Nansen. 
Volume I. With 44 Plates and numerous Illustrations in the Text. Demy 
4to., 40s. net. 

Contents : The Fram—The Jurassic Fauna of Cape Flora. With a Geological Sketch 
of Cape Flora and its Neighbourhood — Fossil Plants from Franz Josef Land — An Account of 
the Birda-^Crustacea. 

Volume II. With 2 Charts and 17 Plates. Demy 4to., 30^. net. 
Contents : Astronomical Observations — Terrestrial Magnetism — Results of the Pendulum 
— Observations and some Remarks on the Constitution of the Earth's Crust. 
Volume III. With 33 Plates. Demy ^to., 32J. net. 
Contents: The Oceanography of the Nortn Polar Basin— On Hydrometers and the 
Surface Tension of Liquids. 

STANZEY.—k FAMILIAR HISTORY OF BIRDS. By E. 

Stanley, D.D., formerly Bishop of Norwich. With i6o Illustrations. Crown 
8vo., 3J. dd. 

MANUFACTURES, TECHNOLOGY, ETC. 

^^ZZ.— JACQUARD WEAVING AND DESIGNING. By F. T. 

Bell. With 199 Diagrams. 8vo., t2j. net. 

CROSS AND BE r^iV.— Works by C. F. CROSS and E. J. BE VAN. 
CELLULOSE : an Outline of the Chemistry of the Structural 

Elements of Plants. With reference to their Natural History and Industrial 
Uses. (C. F. Cross, E. J. Bevan and C. Beadle.; With 14 Plates. 
Crown 8vo., lar. net. 

RESEARCHES ON CELLULOSE, 1895-1900. Crown 8vo., 

6j. net. 

DODSON.—'YVLE DOUBLING AND MANUFACTURE OF 

THREADS. By John Dodson, Vice-President of the Bolton and District 
Mills Managers' Technical Association. With 134 Illustrations. Svo., ioj. 6^. net. 
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MANUFACTURES, TBCHNOLOQY, WTCn- OnUimued. 

MORRIS AND WILKINSON.— TH^ ELEMENTS OF COT- 

TON SPINNING. By John Morris and F. Wilkinson. With a Preface 
by Sir B. A. Dobson, C.E., M.I.M.E. With 169 Diagrams and Illustrations. 
Crown 8vo. , fs, 6d, net. 

^707.^^/^5.— BRICKLAYING AND BRICK-CUTTING. By 

H. W. Richards, Examiner in Brickwork and Masonry to the City and Guilds 
of London Institute, Head of Building Trades Department, NtMthern Poly- 
technic Institute, London, N. With over 900 Illustrations. Med. 8vOb, 3^. 6d. 

T2I VZOR.— COTTON WEAVING AND DESIGNING. By 

John T. Taylor. With 373 Diagrams. Crown 8vo., 7s, 6d. net 

WATTS— AH INTRODUCTORY MANUAL FOR SUGAR 

GROWERS. By Francis Watts, F.C.S., F.I.C. With 20 Illustrations. 
Crown 8\-a, 6s. 

HEALTH AND HYGIENE. 

^5^^ K— HEALTH IN THE NURSERY. By Henry Ashby, 

M. D. , F. R. C. P. With 35 Illustrations. Crown 8vo. , 3;. net. 

B C/CHTTON— HE AhTH IN THE HOUSE. By Mrs. C. M. 

BucKTON. With 41 Woodcuts and Diagrams. Crown 8vo., 2J. 

CORFIELD.—TWE LAWS OF HEALTH. By W. H. Cor- 

FiELD, M.A.. M.D. Fcp. 8vo., \s. 6d, 

FC/RNE A UX.— ELEMENT ARY PRACTICAL HYGIENE.— 

Section I. By WiLUAM Si FuRNEAUX. With 146 Illustrations. Cr. 8vo., 2J. 6d. 

NOTTER AND FIRTH,— V^oxk^ by J. L. NOTTER, M.A., M.D., 
and R. H. FIRTH, F.R.C.S. 

HYGIENE. With 95 Illustrations. Crown 8vo., 31. 6d. 

PRACTICAL DOMESTIC HYGIENE. With 83 Illustrations. 

Crown 8vo., 2j. dd, 

POORE.— Works by GEORGE VIVIAN POORE, M.D. 
ESSAYS ON RURAL HYGIENE. Crown Svc, 6s. 6d. 
THE DWELLING-HOUSE. With 36 Illustrations. Crown 

8vo. , y. 6d. 

COLONIAL AND CAMP SANITATION. With 11 lUustra- 

tions. Crown 8vo., as. net. 

THE EARTH IN RELATION TO THE PRESERVATION 

AND DESTRUCTION OF CONTAGIA: being the Milroy Lectures 
delivered at the Royal College of Physicians in 1899, together with other 
Papers on Sanitation. With 13 Illustrations. Crown 8vo., 5^. 

WILSON.— A MANUAL OF HEALTH-SCIENCE. By 

Andrew Wilson, F.R.S.E., F.L.S., etc. With 74 Illustrations. Crown 
8vo., OS. 6d, 
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MEDICINE AND SURGERY. 

ASH BY AND WEIGHT,— THE DISEASES OF CHILDREN, 

MEDICAL AND SURGICAL. By Henry Ashby, M.D. , Lond. , F. R. C. P. , 
Physician to the General Hospital for Sick Children, Manchester ; and G. A. 
Wright, B.A., M.B. Oxon., F.R.C.S., Eng. , Assistant-Surgeon to the Man- 
chester Royal Infirmary, and Surgeon to the Children's Hospital. Enlarged 
and Improved Edition. With 192 Illustrations. 8vo., 25J. 

BEJ\rJV£TT,— Works by Sir WILLIAM BENNETT, K.C.V.O., 
F.R.C.S., Surgeon to St. George's Hospital; Member of the 
Board of Examiners, Royal College of Surgeons of England. 

CLINICAL LECTURES ON VARICOSE VEINS OF THE 

LOWER EXTREMITIES. With 3 Plates. 8vo., 6s. 

ON VARICOCELE ; A PRACTICAL TREATISE. With 4 

Tables and a Diagram. 8vo., 5;. 

CLINICAL LECTURES ON ABDOMINAL HERNIA: 

chiefly in relation to Treatment, including the Radical Cure. With 12 Dia- 
grams in the Text. 8vo. , Ss. 6d, 

ON VARIX, ITS CAUSES AND TREATMENT, WITH 

ESPECIAL REFERENCE TO THROMBOSIS. 8vo., y. 6d. 

THE PRESENT POSITION OF THE TREATMENT OF 

SIMPLE FRACTURES OF THE LIMBS. Bvo., ar. 6d. 

LECTURES ON THE USE OF MASSAGE AND EARLY 

PASSIVE MOVEMENTS IN RECENT FRACTURES AND OTHER 
COMMON SURGICAL INJURIES : The Treatment of Internal Derange- 
ments of the Knee Joint and Management of Stiff Joints. With 17 
Illustrations. Bvo., 6s. 

BENTLEY.—K TEXT-BOOK OF ORGANIC MATERIA 

MEDICA. Comprising a Description of the Vegetable and Animal Drugs of 
the British Pharmacopoeia, with some others in common use. Arranged 
Systematically, and Especially Designed for Students. By Robert Bentlby, 
M.R.C.S. Eng., F.L.S. With 62 Illustrations on Wood. Crown 8vo., js. 6d, 

CABOT.—h GUIDE TO THE CLINICAL EXAMINATION 

OF THE BLOOD FOR DIAGNOSTIC PURPOSES. By Richard C. 
Cabot, M.D., Physician to Out-patients, Massachusetts General Hospitcd. 
With 3 Coloured Plates and 28 Illustrations in the Text. Bvo., 16s. 

CARR, PICK, DO RAN, and DUNCAN.— T¥iE PRACTI- 
TIONER'S GUIDE. By J. Walter Carr, M.D. (Lond.), F.R.C.P. ; 
T. Pickering Pick, F.R.C.S. ; Alban H. G. Doran, F.R.C.S. ; Andrew 
Duncan, M.D., B.Sc. (Lond.), F.R.C.S., M.R.C.P. Bvo., 2Ij. net 

C^ZZ/.— MALARIA, ACCORDING TO THE NEW RE- 
SEARCHES. By Prof. Angelo Celli, Director of the Institute of Hygiene, 
University of Rome. Translated from the Second Italian Edition by John 
Joseph Eyre, M.R.C.P., L.R.C.S. Ireland, D.P.H. Cambridge. With an 
Introduction by Dr. Patrick Manson, Medical Adviser to the Colonial Office. 
Bvo., 10s. 6d. 



36 Scientific Works published by Longmans^ Green, &* Co. 



MEDICINE AND SURGERY- CkmNMued. 

CHEYNE AND BURGHARD,'-K MANUAL OF SURGICAL 

TREATMENT. By W. Watson Cheynb, C.B.. M.B., F.R.C.S., F.R.S., 
Professor of Surgery in King's College, London, Surgeon to King's College 
Hospital, etc. ; and F. F. Burgh ard, M.D. and M.S., F.R.C.S., Teacher of 
Practical Surgerv in King's College, London, Surgeon to King's College, 
Hospital (Lond.), etc. 

Part I. The Treatment of General Surgical Diseases^ including 

Inflammation, Suppuration, Ulceration, Gangrene, Woimds and their Compli- 
cations. Infective Diseases and Tumours ; the Administration of Ana&sthetics. 
With 66 Illustrations. Royal 8vo. , \os. 6d, 

Part II. The Treatment of the Surgical Affections of the Tissues, 

including the Skin and Subcutaneous Tissues, the Nails, the Ljrmphatic 
Vessels and Glands, the Fasciae, Bursas, Muscles, Tendons and Tendon- 
sheaths, Nerves, Arteries and Veins. Deformities. With 141 Illustrations.. 
Rojral 8vo., 145. 

Part III. The Treatment of the Surgical Affections of the Bones* 

Amputations. With 100 Illtistrations. Royal 8vo., x2j. 

Part IV. The Treatment of the Surgical Affections of the Joints 

(including Excisions) and the Spine. With 138 Illustrations. Royal 8vo. , 145. 

Part V. The Treatment of the Surgical Affections of the Head^ 

Face, Jaws, Lips, Lamyx and Trachea ; and the Intrinsic Diseases of the 
Nose, Ear and Larynx, by H. Lambert Lack, M.D. (Lond.), F.R.C.S.^ 
Surgeon to the Hospital for Diseases of the Throat, Golden Square, and to 
the Throat and Eair Department, The Children's Hospital, Paddington 
Green. With 145 Illustrations. Royal 8vo., i8j. 

Part VI. Section I. The Treatment of the Surgical Affections of 

the Tongue and Floor of the Mouth, the Pharynx, Neck, (Esophagus, Stomach 
and Intestines. With 124 Illustrations. Royal 8vo. , i8j. 

Section 11. The Treatment of the Surgical Affections of 
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